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Abstract. Based on Spiridonov's analysis of elliptic generalizations of the Gauss hypergeomet- 
ric function, we develop a common framework for 7-parameter families of generalized elliptic, 
hyperbolic and trigonometric univariate hypergeometric functions. In each case we derive the 
symmetries of the generalized hypergeometric function under the Weyl group of type E*j (ellip- 
tic, hyperbolic) and of type Eg (trigonometric) using the appropriate versions of the Nassrallah- 
Rahman beta integral, and we derive contiguous relations using fundamental addition formulas 
for thcta and sine functions. The top level degenerations of the hyperbolic and trigonometric hy- 
pergeometric functions are identified with Ruijscnaars' rclativistic hypergeometric function and 
the Askey- Wilson function, respectively. We show that the degeneration process yields various 
new and known identities for hyperbolic and trigonometric special functions. We also describe 
an intimate connection between the hyperbolic and trigonometric theory, which yields an ex- 
pression of the hyperbolic hypergeometric function as an explicit bilinear sum in trigonometric 
hypergeometric functions. 



1. Introduction 

The Gauss hypergeometric function, one of the cornerstones in the theory of classical univariate 
special functions, has been generalized in various fundamental directions. A theory on multivariate 
root system analogues of the Gauss hypergeometric function, due to Heckman and Opdam, has 
emerged, forming the basic tools to solve trigonometric and hyperbolic quantum many particle 
systems of Calogero-Moser type and generalizing the Harish-Chandra theory of spherical functions 
on Riemannian symmetric spaces (see |H| and references therein) . A further important development 
has been the generalization to g-special functions, leading to the theory of Macdonald polynomials 
jlfij . which play a fundamental role in the theory of relativistic analogues of the trigonometric 
quantum Calogero-Moser systems (see e.g. [3^1) and in harmonic analysis on quantum compact 
symmetric spaces (see e.g. |18j . |14|). In this paper, we focus on far-reaching generalizations 
of the Gauss hypergeometric function within the classes of elliptic, hyperbolic and trigonometric 
univariate special functions. 

Inspired by results on integrable systems, Ruijsenaars |24j defined gamma functions of ratio- 
nal, trigonometric, hyperbolic and elliptic type. Correspondingly there are four types of special 
function theories, with the rational (resp. trigonometric) theory being the standard theory on hy- 
pergeometric (resp. q-hypergeometric) special functions, while the hyperbolic theory is well suited 
to deal with unimodular base q. The theory of elliptic special functions, initiated by Frenkel and 
Turaev in 0], is currently in rapid development. The starting point of our analysis is the defini- 
tion of the various generalized hypergeometric functions as an explicit hypergeometric integral of 
elliptic, hyperbolic and trigonometric type depending on seven auxiliary parameters (besides the 
bases) . The elliptic and hyperbolic analogue of the hypergeometric function are due to Spiridonov 
|33| . while the trigonometric analogue of the hypergeometric function is essentially an integral 
representation of the function $ introduced and studied extensively by Gupta and Masson in . 
Under a suitable parameter discretization, the three classes of generalized hypergeometric func- 
tions reduce to Rahman's [201 (trigonometric), Spiridonov's 33 (hyperbolic), and Spiridonov's 
and Zhedanov's |2S], US] (elliptic) families of biorthogonal rational functions. 

Spiridonov |33| gave an elementary derivation of the symmetry of the elliptic hypergeometric 
function with respect to a twisted action of the Weyl group of type E7 on the parameters using 
the elliptic analogue [S] of the Nassrallah-Rahman JJj beta integral. In this paper we follow the 
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same approach to establish the i? 6 -symmetry (respectively ^-symmetry) of the trigonometric (re- 
spectively hyperbolic) hypergeometric function, using now the Nassrallah-Rahman beta integral 
(respectively its hyperbolic analogue from |37|). The E^-symmetry of $ has recently been estab- 
lished in JS] by different methods. Spiridonov [22] also gave elementary derivations of contiguous 
relations for the elliptic hypergeometric function using the fundamental addition formula for theta 
functions (see l|H.fi[l ). entailing a natural elliptic analogue of the Gauss hypergeometric differential 
equation. Following the same approach we establish contiguous relations and generalized Gauss 
hypergeometric equations for the hyperbolic and trigonometric hypergeometric function. For $ it 
leads to simple proofs of various results from . 

Although the elliptic hypergeometric function is the most general amongst the generalized 
hypergeometric functions under consideration (rigorous limits between the different classes of 
special functions have been obtained in the recent paper |2.'{| of the second author), it is also 
the most rigid in its class, in the sense that it does not admit natural degenerations within the 
class of elliptic special functions itself (there is no preferred limit point on an elliptic curve). On 
the other hand, for the hyperbolic and trigonometric hypergeometric functions various interesting 
degenerations within their classes are possible, as we point out in this paper. It leads to many 
nontrivial identities and results, some of which are new and some are well known. In any case, 
it provides new insight in identities, e.g. as being natural consequences of symmetry breaking in 
the degeneration process, and it places many identities and classes of univariate special functions 
in a larger framework. For instance, viewing the trigonometric hypergeometric function as a 
degeneration of the elliptic hypergeometric function, we show that the breaking of symmetry 
(from £7 to Eq) leads to a second important integral representation of $. 

Moreover we show that Ruijsenaars' relativistic analogue R of the hypergeometric func- 
tion is a degeneration of the hyperbolic hypergeometric function, and that the Z^-symmetry |28| 
of R and the four Askey- Wilson second-order difference equations [21] satisfied by R are direct 
consequences of the ^-symmetry and the contiguous relations of the hyperbolic hypergeometric 
function. Similarly, the Askey- Wilson function is shown to be a degeneration of the trigono- 
metric hypergeometric function. In this paper we aim at deriving the symmetries of (degenerate) 
hyperbolic and trigonometric hypergeometric functions directly from appropriate hyperbolic and 
trigonometric beta integral evaluations using the above mentioned techniques of Spiridonov |33| . 
The rational level, in which case the Wilson function 6 appears as a degeneration, will be dis- 
cussed in a subsequent paper of the first author. 

We hope that the general framework proposed in this paper will shed light on the fundamental, 
common structures underlying various quantum relativistic Calogero-Moser systems and various 
quantum noncompact homogeneous spaces. In the present univariate setting, degenerations and 
specializations of the generalized hypergeometric functions play a key role in solving rank one cases 
of quantum relativistic integrable Calogero-Moser systems and in harmonic analysis on various 
quantum SL2 groups. On the elliptic level, the elliptic hypergeometric function provides solutions 
of particular cases of van Diejen's [2] very general quantum relativistic Calogero-Moser systems 
of elliptic type (see e.g. US]), while elliptic biorthogonal rational functions have been identified 
with matrix coefficients of the elliptic quantum SL2 group in |12|. On the hyperbolic level, the 
Ruijsenaars' R-function solves the rank one case of a quantum relativistic Calogero-Moser system 
of hyperbolic type (see (211) and arises as a matrix coefficient of the modular double of the quantum 
SL2 group (see £Q). On the trigonometric level, similar results are known for the Askey- Wilson 
function, which is a degeneration of the trigonometric hypergeometric function (see and jlUp. 
For higher rank only partial results are known, see e.g. ^2]i US (elliptic) and [2S] (trigonometric). 

The outline of the paper is as follows. In Section 2 we discuss the general pattern of sym- 
metry breaking when integrals with ^-symmetry are degenerated. In Section 3 we introduce 
Spiridonov's [221 elliptic hypergeometric function. We shortly recall Spiridonov's [22] techniques 
to derive the EVsymmetry and the contiguous relations for the elliptic hypergeometric function. 
In Section 4 these techniques are applied for the hyperbolic hypergeometric function and its top 
level degenerations. We show that a reparametrization of the top level degeneration of the hy- 
perbolic hypergeometric function is Ruijsenaars' |2fi| relativistic hypergeometric function R. Key 
properties of R, such as a new integral representation, follow from the symmetries and contiguous 
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relations of the hyperbolic hypergeometric function. In Section 5 these techniques are considered 
on the trigonometric level. We link the top level degeneration of the trigonometric hypergeometric 
function to the Askey- Wilson function. Moreover, we show that the techniques lead to elementary 
derivations of series representations and three term recurrence relations of the various trigono- 
metric integrals. The trigonometric integrals are contour integrals over indented unit circles in 
the complex plane, which can be re-expressed as integrals over the real line with indentations 
by "unfolding" the trigonometric integral. We show that this provides a link with Agarwal type 
integral representations of basic hypergeometric series (see Chapter 4]). Finally, in Section 6 we 
extend the techniques from [JFr to connect the hyperbolic and trigonometric theory. It leads to an 
explicit expression of the hyperbolic hypergeometric function as a bilinear sum of trigonometric 
hypergeometric functions. For the top level degeneration, it provides an explicit link between 
Ruijsenaars' relativistic hypergeometric function and the Askey- Wilson function. 

Acknowledgements: Rains was supported in part by NSF Grant No. DMS-0401387. Stokman 
was supported by the Netherlands Organization for Scientific Research (NWO) in the VIDI-project 
"Symmetry and modularity in exactly solvable models" . 

1.1. Notation. We denote y 7 " for the branch of the square root z \— > z^ on C\ R<o with positive 
values on M>o- 

2. WEYL GROUPS AND SYMMETRY BREAKING 

The root system of type E7 and its parabolic root sub-systems plays an important role in this 
article. In this section we describe our specific choice of realization of the root systems and Weyl 
groups, and we explain the general pattern of symmetry breaking which arises from degenerating 
integrals with Weyl group symmetries. 

Degeneration of integrals with Weyl group symmetries in general causes symmetry breaking 
since the direction of degeneration in parameter space is not invariant under the symmetry group. 
All degenerations we consider are of the following form. For a basis A of a given irreducible, finite 
root system R in Euclidean space (V, (•, •)) with associated Weyl group W we denote 

V + (A) = {v G V\ (v,a) > VaeA} 

for the associated positive Weyl chamber. We will study integrals I(u) meromorphically depending 
on a parameter u G Q. The parameter space will be some complex hyperplane Q canonically 
isomorphic to the complexification Vc of V, from which it inherits a W-action. The integrals 
under consideration will be W'-invariant under an associated twisted W-action. We degenerate 
such integrals by taking limits in parameter space along distinguished directions v G V^ + (A). The 
resulting degenerate integrals will thus inherit symmetries with respect to the isotropy subgroup 

W v = {a G W I cv = v}, 

which is a standard parabolic subgroup of W with respect to the given basis A, generated by the 
simple reflections s a , a G A n v (since v G V + (A)). 

All symmetry groups we will encounter are parabolic subgroups of the Weyl group W of type 
Eg. We use in this article the following explicit realization of the root system R(E$) of type Es- 
Let Ck be the feth element of the standard orthonormal basis of V = R 8 , with corresponding scalar 
product denoted by (■, •). We also denote (•, •) for its complex bilinear extension to C 8 . We write 
5 = |(ei + e 2 + ■ ■ ■ + e s ). We realize the root system R(E S ) of type E s in R 8 as 

8 8 

R(Eg) = {v = CjCj + cS I (v, v) = 2, Cj, c G Z and Cj even}. 

For later purposes, it is convenient to have explicit notations for the roots in R(E$). The roots are 
±a% (1 < 3 < k < 8), aj k {l<j^k< 8), (3 jHm (1 < j < k < I < m < 8), ± ljk (1 < j < k < 8) 
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and ±5, where 



*7fc 



Efts 



£r), 



7jfe = 2 (~ e i - efc + e; + (m + e « + e P + e 9 + e '') 



and with (J, k, I, m, n,p, q, r) a permutation of (1, 2, 3, 4, 5, 6, 7, 8). 

The canonical action of the associated Weyl group W on C 8 is determined by the reflections 
SjU = u — (u,7)7 for ueC 8 and 7 £ R(Eg). It is convenient to work with two different choices 
Ai, A 2 of bases for R(E%), namely 

A l = {"76' ^1234, "65, "54, "43> Q 32> a 21: "is}) 

with corresponding (affine) Dynkin diagrams 



'18 



l 21 



, :!2 



'43 



' 54 



a, 



H5 



'76 



(2.1) 
and 



(2.2) 



-'1234 



718 



Q 



87 



O 



IS 



05678 
• 



'45 



a 



34 



'23 



'56 



respectively, where the open node corresponds to the simple affine root, which we have labeled 
by the highest root of R(E$) with respect to the given basis (which in both cases is given by 
5 € V + (Aj)). The reason for considering two different basis is the following: we will see that 
degenerating an elliptic hypergeometric integral with W-^-E^-symmetry to the trigonometric level 
in the direction of the basis element af 8 £ Ai, respectively the basis element 718 € A2, leads to 
two essentially different trigonometric hypergeometric integrals with W^i^-symmetry. The two 
integrals can be easily related since they arise as degeneration of the same elliptic hypergeometric 
integral. This leads directly to highly nontrivial trigonometric identities, see Scction[S]for details. 

This remark in fact touches on the basic philosophy of this paper: it is the symmetry breaking 
in the degeneration of hypergeometric integrals which lead to various nontrivial identities. It forms 
an explanation why there are so many more nontrivial identities on the hyperbolic, trigonometric 
and rational level when compared to the elliptic level. 

Returning to the precise description of the relevant symmetry groups, we will mainly encounter 
stabilizer subgroups of the isotropy subgroup W-$. Observe that W-s is a standard parabolic 
subgroup of W with respect to both bases A^ since —S £ V + (Aj) (j — 1,2), with associated 
simple reflections s a , a £ Ai :— Ai \ {af 8 }, respectively s a , a e A 2 := A 2 \ {71s}- Hence W-$ is 
isomorphic to the Weyl group of type Ej, and we accordingly write 

W(E 7 ) := W- 5 . 

We realize the corresponding standard parabolic root system R(Ej) C R(E$) as 

R(E 7 ) = R(E S ) n S 1 - C 5 X c M 8 . 
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Both Ai and A 2 form a basis of R(E 7 ), and the associated (affine) Dynkin diagrams are given by 



(2.3) 
and 



a 21 a 32 a 43 a 54 a 65 a 76 a 78 



51234 



*18 ^5678 a 45 a 34 a 23 /?1278 



-o 



(2-4) 

respectively (where we have used that a 7g , respectively /3i278, is the highest root of R(E 7 ) with 
respect to the basis Ai, respectively A2). Note that the root system R{E 7 ) consists of the roots 
of the form aj k and fijkim- 

The top level univariate hypergeometric integrals which we will consider in this article depend 
meromorphically on a parameter u G Q c with Q c c Vc = C 8 (c G C) the complex hyperplane 

8 

Qc = 77S + S 1 - = {u = (ui,u 2 , . . . ,u 8 ) G C 8 | y^Uj = 2c}. 
1 3=1 

The action on C 8 of the isotropy subgroup W(E 7 ) = W-$ C W preserves the hyperplane S 1 - and 
fixes (5, hence it canonically acts on Q c . We extend it to an action of the associated affine Weyl 
group W a (E 7 ) of R(E 7 ) as follows. Denote L for the (W(i?7)-invariant) root lattice L C S 1 - of 
R{E-[), defined as the Z-span of all i?(£V)-roots. The affine Weyl group W a {E 7 ) is the semi-direct 
product group W a (E 7 ) = W(Ej) K L. The action of W(E?) on Q c can then be extended to an 
action of the affine Weyl-group W a (E 7 ) depending on an extra parameter zgCby letting 7 e L 
act as the shift 

t*u — u — zj, tie Q c . 

We suppress the dependence on z whenever its value is implicitly clear from context. 

We also use a multiplicative version of the W(i?7)-action on Q c . Consider the action of the 
group C'2 of order two on C 8 , with the non-unit element of C2 acting by multiplication by —1 of 
each coordinate. We define the parameter space 7i c for a parameter c e C x = C \ {0} as 

8 

H c ^{t^(t 1 ,... 7 t s )eC s I Y[tj = t?}/C 2 . 

Note that this is well defined because if t satisfies Y[ U = c 2 , tben so does —t. We sometimes abuse 
notation by simply writing t = (t\, . . . , ts) for the element ±t in Tt c if no confusion can arise. 

We view the parameters t € 7i oxp ( c ) as the exponential parameters associated to w G Q c - 
Modding out by the action of the 2-group C2 allows us to put a W a (i?7)-action on H exp (c), which 
is compatible to the M / a (i?7)-action on Q c as defined above. Concretely, consider the surjective 
map Vc : Gc ^ W cxp(c ) defined by 

^c(u) = ±(exp(ui), . . . ,exp(u 8 )), u G Q c . 

For u G Q c we have ip^ 1 (ip c (u)) = u + 2niL, where L is the root lattice of R(E 7 ) as defined above. 
Since L is W^i^-invariant, we can now define the action of W a (E 7 ) on H cxp ( c ) by cnp c (u) = 
tp c (au), a G W a (for any auxiliary parameter z G C). 

Regardless of whether we view the action of the affine Weyl group additively or multiplicativcly, 
we will use the abbreviated notations Sjk = s a - , w — S/3 1234 and T? fe = t z _ throughout the 



article. Note that Sjk (j ^= k) acts by interchanging the jth and fcth coordinate. Furthermore, 
W(Ej) is generated by the simple reflections s a (a G Ai), which are the simple permutations 
Sj,j+i (j = 1, . . . , 6) and w. The multiplicative action of w on TL C is explicitly given by w(±t) = 
±(sti,st2,st3,st4,s~ 1 t5,s~ 1 tQ,s~ 1 tj,s~ 1 tg) where s 2 = c/t^tzti — t^tot'jtg, j ' c. Finally, note that 
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the longest element v of the Weyl group W(E?) acts by multiplication with -1 on the root system 
R(Ei), and hence it acts by vu = c/2 — u on Q c and by v(±t) — ±(c2 /ti, . . . , /t%) on Ti c . 

3. The univariate elliptic hypergeometric function 

3.1. The elliptic gamma function. We will use notations which are consistent with |5J- We fix 
throughout this section two bases p,q £ C satisfying \p\, \q\ < 1. The q-shifted factorial is defined 

by 

oo 

( a ;9)oc = II( 1 -<)- 

3=0 

We write (a 1} . . . ,a m ;q) ^ = J]JLi {af, q) ao , (az ±1 ;<7) oc = (az, az- 1 ; q) ^ etc. as shorthand no- 
tations for products of q-shifted factorials. The renormalized Jacobi theta-function is defined 
by 

6{a;q) = (a,q/ a;q) oq . 
The elliptic gamma function |24|. defined by the infinite product 



T e {z;p,q) = _[J_ - 

j,k=a 



zpiq k 



is a meromorphic function in z G C x = C \ {0} which satisfies the difference equation 
(3.1) T e {qz]p, q) = 9(z;p)T e (z;p, q), 

satisfies the reflection equation 

T e (z;p,q) = l/T e (pq/z;p,q), 

and is symmetric in p and q, 

T e (z;p,q) = T e (z;q,p). 

For products of theta-functions and elliptic gamma functions we use the same shorthand notations 
as for the q-shifted factorial, e.g. 

m 

T e (ai,...,a m ;p,q) = T e {cif,p, q). 

3=1 

In this section we call a sequence of points a downward (respectively upward) sequence of points 
if it is of the form ap 3 'q k (respectively ap^^q^ k ) with j, k e Z> for some a e C. Observe that 
the elliptic gamma function T e (az;p, q), considered as a meromorphic function in z, has poles at 
the upward sequence a~ 1 p~ : >q~ k (j, k 6 Z>o) of points and has zeros at the downward sequence 
a~ 1 p j+1 q k+1 (j, k S Z> ) of points. 

3.2. Symmetries of the elliptic hypergeometric function. The fundamental starting point 
of our investigations is Spiridonov's UHI elliptic analogue of the classical beta integral, 

( , 2) m^j V^EgQ^ ^ n km 

JL ey irii/ l<j<k<6 

for generic parameters t € C 6 satisfying the balancing condition n^=i tj = Pli where the contour 
C is chosen as a deformation of the positively oriented unit circle T separating the downward se- 
quences tjp z ^°q z ^ a (j = 1, ... , 6) of poles of the integrand from the upward sequences t~ 1 p z, i°q z, i° 
(j = 1, . . . , 6). Note here that the factor 1/T e (z ±2 ;p, q) of the integrand is analytic on C x . More- 
over, observe that we can take the positively oriented unit circle T as contour if the parameters 
satisfy \tj\ < 1 (j = 1, . . . , 6). Several elementary proofs of (|3.2|l are now known, see e.g. [31], [3"2~] 
and EH- 

We define the integrand I e {t\ z) — I e (t; z;p, q) for the univariate elliptic hypergeometric function 

as 

TU , Y[]=i T SjZ ±l ;p,q) 
I e (f,z;p,q)= Te{z ^ q) . 
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where t — (ii, i2> • • • > ts) € (C x ) . For parameters t £ C 8 with n^=i *j = P 2 1 2 an( i tftj & 
p z <oq%<o f or i < j j < g (possibly equal), we can define the elliptic hypergeometric function 
S e (t) = S e (t;p,q) by 

f dz 
S e (t;p,q) = / I e (t;z;p,q)- 



2iriz' 

where the contour C is a deformation of T which separates the downward sequences tjp 7 '^°q 7 '^ 
(j = 1, . . . , 8) of poles of I e (t; ■) from the upward sequences t~ 1 p z ^°q z ^° (j = 1, . . . , 8). If the 
parameters satisfy \tj\ < 1 this contour can again be taken as the positively oriented unit circle T. 

The elliptic hypergeometric function S e extends uniquely to a meromorphic function on {t £ 
C 8 : Yi tj = P 2 q 2 }- In fact, for a particular value r of the parameters for which the integral is not 
denned, we first deform for t in a small open neighborhood of r the contour C to include those 
upward poles which collide at t — r with downward poles. The resulting expression is an integral 
which is analytic at an open neighborhood of r plus a sum of residues depending meromorphically 
on the parameters t. This expression yields the desired meromorphic extension of S e (t) at r. For 
further detailed analysis of meromorphic dependencies of integrals like S e , see e.g. and \'21\ . 

Since I e (t] —z) = I e (—t; z) where —t = (— 1\, . . . , — we have S e (t) — S e (—t), hence we can 
and will view S e as a meromorphic function S e : H. pq — > C. Furthermore, S e (t) is the special case 
J/gQ of Rains' [21] multivariate elliptic hypergeometric integrals IIgc , and it coincides with 
Spiridonov's [23 §5] elliptic analogue V(-) of the Gauss hypergeometric function. 

Remark 3.1. Note that S e (t;p,q) reduces to the elliptic beta integral H3.2|l when e.g. t\t6 = pq- 
More generally, for e.g. t x t 6 = p m + 1 q n + 1 ( TO) n g Z> ) it follows from [31 Thm. 11] that S e (t;p, q) 
essentially coincides with the two-index elliptic biorthogonal rational function R nm of Spiridonov 
|34l App. A], which is the product of two very- well-poised terminating elliptic hypergeometric 
12V11 series (the second one with the role of the bases p and q reversed). 

Next we determine the explicit W / (£ , 7)-symmetries of S e (t) in terms of the W(Ej) action on 
t G Tipq from Section [3 This result was previously obtained by Rains |21| and by Spiridonov |33| . 
We give here a proof which is similar to Spiridonov's 33, §5] proof. 

Theorem 3.2. The elliptic hypergeometric function S e (t) (t G Ti. pq ) is invariant under permuta- 
tions of (ti, . . . , t$) and it satisfies 

(3.3) S e (t;p,q) = S e (wt;p,q) ]J T e {tjt k )P,q) J| T e (tjt k ;p,q) 

l<j<k<A 5<j<k<8 

as meromorphic functions int G TL pq , where (recall) w = S/3 1234 . 

Proof. The permutation symmetry is trivial. To prove H3.3(l we first prove it for parameters t £ C s 
satisfying % = P 2 Q 2 an d satisfying the additional restraints \tj \ < 1 (j = 1, . . . , 8), \tj\ > \pq\ 3 
(J = 5, . . . , 8) and |l~[j=5^ l < \pq\ (which defines a non-empty open subset of parameters of 
{f S C I rX)=i tj ~ P 2 1 2 } since \p\, \q\ < 1). For these special values of the parameters we consider 
the double integrand 

f Y\j=i^e{t J z ±1 - } p,q)Y e {sx ±1 z ±1 -p, q )Y{] =b Y e {tj^ 1 x ±1 ) dz dx 
J :■ T e (z ±2 ,x ±2 ;p,q) 27riz27rix' 

where s is chosen to balance both the z as the x integral, so s 2 Ylj=i tj = PQ = s ~ 2 lVj=5 tj- 
the additional parameter restraints we have \s\ < 1 and \tj/s\ < 1 for j = 5,..., 8, hence the 
integration contour T separates the downward pole sequences of the integrand from the upward 
ones for both integration variables. Using the elliptic beta integral 13. 2|) to integrate this double 
integral either first over the variable z, or first over the variable x, now yields l|3.3|l . Analytic 
continuation then implies the identity l|3.3l) as meromorphic functions on Ti. pq . □ 

An interesting equation for S e it) arises from Theorem 13.21 by considering the action of the 
longest element v of W(£V), using its decomposition 

(3.4) V = S4 5 S 36 S4 8 S3 7 S34Si2WS37S48WS35S46'U; 
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- , , ^e(j e& t\ z) + (t 6 <-> t 7 ) = I e (t; z), 



as products of permutations and w. 
Corollary 3.3. We have 

(3.5) S e (t;p,q) = S e {vt;p,q) JJ T e (tjt k ;p,q) 

l<j<k<8 

as meromorphic functions in t € H. pq . 

Remark 3.4. Corollary 13. 31 is the special case n = m = 1 of |^ Thm. 3.1], see also [331 §5, (hi)] 
for a proof close to our present derivation. 

3.3. Contiguous relations. For sake of completeness we recall here Spiridonov's 33, §6] deriva- 
tion of certain contiguous relations cq. difference equations for the elliptic hypergeometric function 
S e (t) (most notably, Spiridonov's elliptic hypergeometric equation). The starting point is the fun- 
damental theta function identity [&J Exercise 2.16], 

(3.6) -6(ux ±l ,yz ±l ;p) + -6(uy ±l ,zx ±l ;p) + -Q(uz ±l ,xy ±l ;p) = 0, 
y z x 

which holds for arbitrary u, x,y,z G C x . For the W a (.E 7 )-action on Ti. pq we take in this subsection 
Tij — log ^ 9 '' i which multiplies tj by q and divides tj by q. Note that the q-difference operators 

Tij are already well defined on {t € C 8 | Ilj=i *j = P 2 q 2 }- 

Using the difference equation l|3.1|l of the elliptic gamma function and using (|3.6|l . we have 

6(q-H 8 tt 1 ;p) l 
0{Ut± l ;p) ' 

where (t® <-> t 7 ) means the same term with te and t 7 interchanged. For generic t £ C 8 with 
1X7=1 tj = p 2 q 2 we integrate this equality over z € C, with C a deformation of T which separates 
the upward and downward pole sequences of all three integrands at the same time. We obtain 

ejg-H^-p) 

6{Ut± x ;p) 

as meromorphic functions in t £ 7i pq . This equation is also the n = 1 instance of |221 Thm. 3.1]. 
Note that in both terms on the left hand side the same parameter fg is divided by q, while two 
different parameters (tg and t 7 ) are multiplied by q. We can obtain a different equation (i.e. not 
obtainable by applying an S% symmetry to 113.711 s ) by substituting the parameters vt in 13.7J1 . where 
v € W(E 7 ) is the longest Weyl group element, and by using 1)3. 5|) . The crux is that T§ 8 vt = vr 8 et. 
We obtain 

5 5 

(3 8) y? 8 / 1 ? II 0(t J t 6 /q ]P )S e (r 36 t) + (t 6 «-> t 7 ) = f[ 6(tjt 8 ;p)S e (t) 

V{t7/t6,P) . =1 . =1 

for t S H P9 . We arrive at Spiridonov's §6] elliptic hypergeometric equation for S e (t). 
Theorem 3.5 We have 

(3.9) A{t)S e {T 87 t;p,q) + (t 7 «-» t 8 ) = B{t)S e {t;p,q) 

as meromorphic functions in t € 7ip 9 , where A and B are defined by 

1 6 
t a 9(t 7 /qt s ,t s /t 7 ;p) j-J^ 

RM Ojhh/qiP) TT /)/. , \ 6>(t 6 /t 8 ,t 6 t 8 ;p) TT /)/, . / \ 

teO{t 7 /qt 6 ,ts/qt 6 ]p) U9(t 7 / qt 6 ,t 7 / qt 8 ,t 8 /t 7 ;p) ^ 

9(t 6 /t 7 ,t 6 t 7 ;p) T~f a/, , i \ 



(3.7) L ;±i 7 . \ s e (T 6S t) + (t 6 <-> t 7 ) = g e (t) 



t 6 9(t 7 /t s ,t 8 /qt 6 ,t s /qt 7 ;p) j-J^ 



PROPERTIES OF GENERALIZED UNIVARIATE HYPERGEOMETRIC FUNCTIONS 



I) 



Remark 3.6. Note that B has an S^-symmetry in t 2 , ■ ■ ■ , t e ) even though it is not directly 
apparent from its explicit representation. 

Proof. This follows by taking an appropriate combination of three contiguous relations for S e (t). 
Specifically, the three contiguous relations are (|3.7|1 and l|3.8|) with t$ and t% interchanged, and 
(|3.7() with tj and ts interchanged. □ 

By combining contiguous relations for S e (t) and exploring the VK(EV)-symmetry of S e (t), one 
can obtain various other contiguous relations involving S e (r x t), S e (r y t), and S e (r z t) for suitable 
root lattice vectors x,y, z G L. A detailed analysis of such procedures is undertaken for three term 
transformation formulas on the trigonometric setting by Lievens and Van der Jeugt j!5j (see also 
Section [SJ. 

Remark 3.7. Interchanging the role of the bases p and q and using the symmetry of S e {t;p, q) in 
p and q, we obtain contiguous relations for S e (t;p, q) with respect to multiplicative p-shifts in the 
parameters. 

4. Hyperbolic hypergeometric integrals 

4.1. The hyperbolic gamma function. We fix throughout this section uji,lj 2 <E C satisfying 
$t(uj 2 ) > 0, and we write 

LOl + L0 2 
UJ = . 

2 

Ruijsenaars' [21] hyperbolic gamma function is defined by 

sin(2z<) z \ dt 



G(z;u 1 ,u> 2 ) = exp ( i 
dnj 

to z S C satisfying 



\ 2 sinh(o;ii) sinh(w2i) iOiU]$b ) t 
for zeC satisfying |9(z)| < 3?(w). There exists a unique meromorphic extension of G(u>i,u>2', z) 



G(z;uji,lu 2 ) = G(z;u>2,ui), 
G(z;ui,u> 2 ) = G(-z; ui, w 2 )"\ 
G(z + iwx\0Ji,u>2) ) = — 2is{(z + iu))/u 2 )G(z; oji, w 2 ), 

where we use the shorthand notation s{z) = sinh(7rz). In this section we will omit the u>i,lu 2 
dependence of G if no confusion is possible, and we formulate all results only with respect to 
iwi-shifts. We use similar notations for products of hyperbolic gamma functions as for ^-shifted 
factorials and elliptic gamma functions, e.g. 

n 

G(zi,...,z n ;u> 1 ,u} 2 ) = [\_G(zj;uJi,u) 2 ). 

3 = 1 

The hyperbolic gamma function G is a degeneration of the elliptic gamma function r e , 

(4.1) lim r e (exp(27rirz); exp(— 27rti;ir), exp(— 2iruj 2 r)) exp [ — ■ — -J = G(z — iu>; u)\, uj 2 ) 

r\o \ Qiruj\uj 2 J 

for uj 1 ,uj 2 > 0, see |H Prop. 111.12]. 

In this section we call a sequence of points a downward (respectively upward) sequence of points 
if it is of the form a + iZ<oWi +i l Z<QUj 2 (respectively a + iZ>o^i +i"Z>ouj 2 ) for some a € C. Observe 
that the hyperbolic gamma function G(uji,lu 2 ; z\ viewed as meromorphic function in z G C, has 
poles at the downward sequence —ito + iL<qlo\ + iL<§lo 2 of points and has zeros at the upward 
sequence ioj + iZ>oWi + iL>qu> 2 of points. The pole of G(z; loi,uj 2 ) at z — —ioj is simple and 

(4.2) Res (G(z; u>x, w 2 j) = ^-JJ^. 

All contours in this section will be chosen as deformations of the real line R separating the upward 
pole sequences of the integrand from the downward ones. 



in 



F.J. VAN DE BULT, E.M. RAINS, AND J.V. STOKMAN 



We will also need to know the asymptotic behavior of G(z) as ^ft(z) — > ±00 (uniformly for Ss(z) 
in compacta of R). For our purposes it is sufficient to know that for any a, b £ C we have 

(4.3) lim -) exp 6 - a) = exp (& 2 - a 2 ) 

SR(z)-*oo G(Z — 0; Uli, 0J2) \UJ1LU2 J \2wiW2 

where the corresponding o(9?(z))-tail as 5ft(z) — > 00 can be estimated uniformly for in com- 
pacta of R, and that for periods satisfying uj\UJ2 G R>o, 



(4.4) |G(u + x;wi,w 2 )| < Mexp tt3 |x| , VxeR 

for some constant M > 0, provided that the line u + R does not hit a pole of G. See [21 Appendix 
A] for details and for more precise asymptotic estimates. 

4.2. Symmetries of the hyperbolic hypergeometric function. The univariate hyperbolic 
beta integral |37| is 

K x f G(iu±2z;uii,uj2) , -r-r nl . , 

(4.5) / — g — — -dz = 2^/ujiUJ2 II G{iw — Uj —Uk',(jJi,U2) 

JC 11 J= 1 G K" ± «-.Wi,£J2) l<j<fc<6 

for generic ui,...,ug € C satisfying the additive balancing condition X^/=i u j = ^iu). Note 
that this integral converges since the asymptotic behaviour of the integrand at z = ±00 is 
C(exp(— 4:ir\z\u}/u}iW2)) in view of (|4.3|) . 

We define now the integrand of the hyperbolic hypergeometric function Ih(u; z) = Ih(u; z\ u)\, U2) 

as 

G(iw ± 2z;wi, cj 2 ) 
J h (u;«;wi,W2) = 8 

for parameters u € C 8 . The hyperbolic hypergeometric function Sh(u) — Sh(u; Wi,u>2) is defined 
by 

S h (u;u)i,u)2) = / Ih(u;z;uJi,ui2)dz 
Jc 

for generic parameters u £ Q2U0 (see Section[2]for the definition of £/2i w ). The asymptotic behaviour 
of Ih(u;z) at z = ±00 is again 0(exp(— 47r|z|o;/wiW2)), so the integral absolutely converges. 
It follows from l|4.2(l and the analytic difference equations for the hyperbolic gamma function 
that Sh(u) has a unique meromorphic extension to u £ feu, cf the analysis for the elliptic 
hypergeometric function S e (t). We thus can and will view Sh(u) as a meromorphic function 
in u £ Q2iu- Note furthermore that the real line can be chosen as integration contour in the 
definition of Sh(u) if u S Q2iu satisfies ^s(uj — iu) < for all j. The hyperbolic hypergeometric 
function Sh(u) (u £ G2iu) coincides with Spiridonov's §5] hyperbolic analogue s(-) of the 
Gauss hypergeometric function. 

Using 14.1fl and the reflection equation of G, we can obtain the hyperbolic hypergeometric 
function Sh(vu; u>i, UJ2) = Sh{iuj — u\, . . . ,iui — U8;wi,wa) {u £ Q2iS) formally as the degeneration 
r J, of the elliptic hypergeometric function S e (t;p,q) with p — exp(— 2nujir), q = exp(— 27TW2r) 
and t — ip2iuj{2iriru) £ 7i e xp(-47rrw) = Hpq- This degeneration, which turns out to preserve 
the Ty(£V)-symmetry (see below), can be proven rigorously, see [231 - This entails in particular a 
derivation of the hyperbolic beta integral (|4.5(l as rigorous degeneration of the elliptic beta integral 
(|3.2|) (see [23 §5.4] for the formal analysis). 

Next we give the explicit W(Er) symmetries of Sh(u) in terms of the W{E>i) action on u £ fe w 
from Section [3 

Theorem 4.1. The hyperbolic hypergeometric function Sh(u) (it £ Q 2 iu) is invariant under per- 
mutations of (ui, . . . , tig) and it satisfies 

S h (u;Lo i ,w 2 ) = S h (wu;uJi,L0 2 ) JJ G(iu - Uj - u k ; w x , w 2 ) JJ G(iiv - Uj - its,; oj 2 ) 

l<j<fc<4 5<j<fc<8 

as meromorphic functions in u £ fe w . 
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Proof. The proof is analogous to the proof in the elliptic case fTheorem l3.2fl . For the w-symmetry 
we consider for suitable u £ Qn^ the double integral 

G(iuj ± 2z, iio ± 2x) 



r 2 Ilj=i G( u 3 i z)G(ioj + s±x± z) rife = 5 G(iifc — s ± x 



-dzdx 



with s = iu> — \{u\ + U2 + U3 + u±) = —iu) + + uq + uj + ug). We impose the conditions 
3(s) < and 

(4.6) iw) < (j' = l,...,4), 3(w fc - iw) < 3(s) (fc = 5,...,8) 

on u £ fe u to ensure that the upward and downward pole sequences of the integrand of the double 
integral are separated by K. Next we show that the parameter restraints 

(4.7) -^(-^—) < < 

OJ1UJ2 U1\Ll>2 

on u £ G21UJ suffice to ensure absolute convergence of the double integral. Using the reflection 
equation and asymptotics (|4.3|l of G we obtain the estimate 



f 



< M exp f -27r3f (^-±^)(|z + x| + |z-x|) ] , V(x,z) e 



\G(iu> + s ± x ± z) 

for some constant M > 0. ft follows that the factor G(iu> + s ± x ± z) -1 of the integrand is 
absolutely and uniformly bounded if + s)/uiUJ2) > 0, i.e. if ^(s/cjic^) > — $1(uj/ujiu>2) 

(observe that ^(^773-) > due to the imposed conditions $l(ujj) > on the periods Wj (j = 1, 2)). 
The asymptotic behaviour of the remaining factors of the integrand (which breaks up in factors 
only depending on x or on z) can easily be determined by \AM\ . leading finally to the parameter 
restraints (|4.7|) for the absolute convergence of the double integral. 

It is easy to verify that the parameter subset of Q2W defined by the additional restraints 3(s) < 
0, (|4.6|) and (|4.7I) is non-empty (by e.g. constructing parameters u £ G2iw with small associated 
balancing parameter s). Using Fubini's Theorem and the hyperbolic beta integral 103}, we now 
reduce the double integral to a single integral by either evaluating the integral over x, or by 
evaluating the integral over z. Using furthermore that 

wu = (u\ + S, U2 + S, U3 + S, U4 + S, «5 — S, Uq — s, m — s, us — s) 

for u £ G2iu , it follows that the resulting identity is the desired w-symmetry of Sh for the restricted 
parameter domain. Analytic continuation now completes the proof. □ 

The symmetry of Sh(u) (u £ few) with respect to the action of the longest Weyl group element 
v £ W{Ei) is as follows. 

Corollary 4.2. The hyperbolic hypergeometric function Sh satisfies 

(4.8) S h (u;uJi,u! 2 ) = Shivuiu-L,^) JJ_ G(iu - Uj - u k ;u>i, w 2 ) 

i<i<fe<8 

as meromorphic functions in u £ Q2iu> ■ 

Proof. This follows from Theorem l4.1l and l|3.4|l . □ 

4.3. Contiguous relations. Contiguous relations for the hyperbolic hypergeometric function Sh 
can be derived in nearly exactly the same manner as we did for the elliptic hypergeometric function 
(Se (see Section and |33l §6]). We therefore only indicate the main steps. Using the p = case 
of 1)3. fijl we have 

s(x ± v )s(y ± z) + s(x ± y)s(z ± v) + s(x ± z)s(v ± y) = 0, 

where s(x ± v) — s(x + v)s(x — v). In this subsection we write Tjk — t 1 ^} (1 < j k < 8), which 
acts on u £ fe w by subtracting iu>\ from Uj and adding iui\ to Uk . We now obtain in analogy to 
the elliptic case the difference equation 

s((u 8 + iu ± (u 7 - iLu))/bj2) 



s{{uq — iui ± {u-j — iuj))/ui2) 



Sh(T68u) + ("6 ^ u 7 ) = S h (u) 
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as meromorphic functions in u € Qnu- Using l|4.8|l we subsequently obtain 

s((u 7 — Us + 2ibj)/u)2) -p-i- .. . , . . . , . tt . . . . x . . 

77 w — ^ s{{Uj +u 6 )/u>2)bh{T 6 BU) + {u 6 <-> u 7 ) = s{{Uj +u 8 - 2iuj) uj 2 )b h (u) 

s((u7 - u 6 )/u2) XJ ; XJ ; 

3=1 3=1 

as meromorphic functions in u € Q 2 iu- Combining these contiguous relations and simplifying we 
obtain 

(4.9) A(u)S h (T 87 u) - (u 7 <-> u s ) = B(u)S h (u), u^Q 2w , 

where 



A(u) = s((2iu -u 7 + u 8 )/ui 2 ) Y\_ s (( m j + u 7)/u 2 ), 

3=1 

u 7 )/uj 2 )s((2iuj + u$- u 7 )/uj 2 )s((2) 
3((2jw + u s — u e )/uj 2 )s((2iuj + u 7 — u§)/u)2) 



3=1 

5 



, , s((u s ± u 7 )/uj 2 )s{{2iuj + u s ~ u 7 )/u 2 )s{{2iuj - u a + u 7 )/uj 2 ) 1 f 

= 777T ; w TT77T 1 w \ S((-2lUJ + Uj + Uq) 0J 2 ) 

si O.ri.i -i- lie — tie 1 t,in \sl (O.ri.i -i- m*, — lie I t,i n 1 -I- J- J " ' 



3 = 1 

5 



S((2«W - U 8 + U 7 ) UJ 2 )S{{U 7 - U 6 )/uJ 2 )s({-2lUJ + U 6 + U 7 )/u) 2 ) yj 
TTW- 1 W \ S v( U 3" +M8)/^2) 

s({2iuj + us~u 6 )/uj 2 ) Al 

s((2iw + u 8 - u 7 )/w 2 )s((w 8 - u 6 )/w 2 )s((-2iw + u 6 + u 8 )/w 2 ) tt- w x 

777T ; w — s I s {( u j +u 7 ) UJ 2 ) 

s({2iu + u 7 - u 6 )/uj 2 ) j=i 

This leads to the following theorem. 
Theorem 4.3. We have 

(4.10) A(u)(S h (T S7 u) - S h (u)) -(u 7 ^u s ) = B 2 (u)S h (u) 

as meromorphic functions in u G G2iu, where A(u) is as above and with B 2 (u) defined by 
(4.11) 

o / \ s (( u 7 ± u 8 )/uj 2 )s((u 7 -ug± 2iuj)/uj 2 ) I A A 

\3=7 3=1 

Proof. It follows from that (j4"TU|) holds with B 2 (u) = B(u)-A(u)—A(s 78 u). The alternative 
expression (|4.11() for B 2 was obtained by Mathematica. Observe though that part of the zero locus 
of B 2 (u) (u € Qiiu) can be predicted in advance. Indeed, the left hand side of (|4.1U|) vanishes if 
u 7 = u 8 (both terms then cancel each other), and it vanishes if u 7 — u 8 ±i(jj (one term vanishes due 
to a s-factor, while the other term vanishes since either Sh(Tg 7 u) = Sh(u) or Sh(T 7 gu) — Sh(u)). 
The zero of B 2 {u) at u 7 — — w 8 can be predicted from the fact that all hyperbolic hypergeometric 
functions Sh in l|4.10|l can be evaluated for u 7 = — u 8 using the hyperbolic beta integral l|4.5|l . □ 

4.4. The degeneration to the hyperbolic Barnes integral. In this subsection we degenerate 
the hyperbolic hypergeometric function Sfc(it) (u S G 2 iuj) along the highest root f3\ 27 g of R{E 7 ) 
with respect to the basis A 2 of R(E 7 ) (see ()2.4|l for the associated Dynkin diagram). The resulting 
degenerate integral Bh (u) thus inherits symmetries with respect to the standard maximal parabolic 
subgroup 

W 2 (D 6 ) := W(E 7 ) Pl27a C W(E 7 ), 

which is isomorphic to the Weyl group of type Dq and is generated by the simple reflections s a 
(a G A 2 \ {a^}). The corresponding Dynkin diagram is 

«87 a lS /?5678 «45 a 34 «23 
• • • a • o 
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Concretely, for generic parameters u € Q 2 iu we define Bh{u) = -B/j(it; Wi, W2) by 

This integral converges absolutely since the asymptotic behaviour of the integrand at z = ±00 
is exp(— 4ttui\z\/u}iLl>2)- We may take the real line as integration contour if u € G2iu satisfies 
3(itj — iuS) < for all j. Observe that the integral Bh(u) has a unique meromorphic extension 
to u <E G211V We call Bh(u) the hyperbolic Barnes integral since it is essentially Ruijsenaars' 
[2l)| hyperbolic generalization of the Barnes integral representation of the Gauss hypergeometric 
function, see Subsection [~ 



Remark 4.4. The parameter space of the hyperbolic Barnes integral Bh is in fact the quotient 
space (?2iw/C/3i278- Indeed, for £ e C we have 

B h (u + t[3 1278 ) = B h (u) 

as meromorphic functions in u € G 2 iun which follows by an easy application of (|4.3|) and Cauchy's 
Theorem. 

Proposition 4.5. For u 6 Q 2 iuj satisfying $s(uj — iuj) < (j = 1, . . . , 8) we have 

/2 \ / ■ 6 \ 

Iim5'? l (it-r/3i278)exp I exp ( V" it? - V" it? ) = B h (u). 

Proof. The conditions on the parameters u € G2iu allows us to choose the real line as integration 
contour in the integral expression of Sh(u — rf3i 2 7$) ( r G K) as well as in the integral expression 
of Bh(u). Using that the integrand Ih(w, z) of Sh(u) is even in x, using the reflection equation for 
the hyperbolic gamma function, and by a change of integration variable, we have 

bh{u — rpi278) e 1 2 = e w i"2 / dz 

J-°o 1^=1,2,7,8 G ( U 3 ~ § ± Z ) IIj=3 G ( U 3 + 1 ±Z ) 

„ 3sol f 00 G(iuj±2z) 
= 2e-i-2 / > L dz 

JO IIj=l,2,7,8 G ( U 3 ~ I ± Z ) n i=3 G ( U 3 + 1 ±Z ) 



DC 



2 / k 1 (2z + r)k 2 (z + r)L(z)dz, 



where 



L(z) 



k 2 {z) 



U 6 j= 3 G ( z ~ u j) 
n j = l,2,7,8 G (^ + %)' 

G(z + iu>) 

n j = l,2,7,8 G ( Z - U j) 



kl{z) = l f^±^l e -m = (l - e -*r*M)(i - e -W<*; 



n-= 3 G(z+%) 



Here the second expression of k\ follows from the analytic difference equations satisfied by G. The 
pointwise limits of k\ and &2 are 

lim ki(z) = 1 lim k 2 (z) = e 5s^(S|=3 "I "S 3=1,2,7,8 

z — >oo js — >oo 

Moreover, observe that k±(z) is uniformly bounded for z € R>o by 4, and that k^iz), being a 
continuous function on K>o with finite limit at infinity, is also uniformly bounded for z e M>o- 
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Denote by X(-r/2,oo){ z ) the indicator function of the interval (— r/2, oo). By Lebesgue's theorem 
of dominated convergence we now conclude that 



lim Sh(u — r(3i27s)e u ' lu ' 2 = 2 lim / ki(2z + r)k2(z + r)L(z)dz 

OO 

lim X(-r/2.oc)(z)fci(2z + s)k 2 {z + s)L(z)dz 
2e 2^(i: j 6 =3" J 2 -i: ,=1,2,7,8 «?) / L(z)dz 



= e2 ^*„ 2 (E|=3«f £,'=1,2,7,8 "J)^^ 

as desired. □ 

In the following corollary we use Proposition 14.51 to degenerate the hyperbolic beta integral 
1)4.5(1 . The resulting integral evaluation formula is an hyperbolic analogue of the nonterminating 
Saalschutz formula (2.10.12)], see Subsection 15.41 



Corollary 4.6. For generic u £ C 6 satisfying X)-,'=i w j = 4iw we /i 



(4.12) / Gjz-^.z-ua.z-^ jjjj 

7C G(z +Ul,Z + M 2 ,Z + W 3 ) j=lfc=4 

Proof. Substitute the parameters it' = 1*2, U4, U5, u&, 0, U3, 0) in Proposition 14.51 with u.j G C 
satisfying 5(itj — iw) < and Ylj=i u j — ^ UJ - Then Bh(u') is the left hand side of (|4.12() . 
multiplied by 2. On the other hand, by Proposition 14.51 and (|4.5|) we have 

(q • 3 6 

— — + (y^tf - y^ M ?) 
3=1 3=4 

3 6 

= 2^Ajiw 2 JJ - - u fe ) 

3 = 1 fc=4 



3= 

3 6 



awe 



x lim g-^- ffi " " " fc + ^ exp ( ^ + -^( V u) - ± ■ 

r ^°° ri4<3<fe<6 G K + U fe ^ lW + r ) \W1W 2 2wiW 2 ^ ^ 

3 6 

= 2^/uj l UJ 2 Yl H G (* W _ U j - U k), 
3=1 fc=4 

where the last equality follows from a straightforward but tedious computation using 1(4.3(1 . The 
result for arbitrary generic parameters «eC 6 satisfying X^'=i u 3 = now follows by analytic 
continuation. □ 

Next we determine the explicit W2(£ ) 6)-symmetries of Bh(u). 

Proposition 4.7. The hyperbolic Barnes integral Bh(u) (u £ Q 2 iS) is invariant under permuta- 
tions of (tii, u 2 , U7, ug) cmd 0/ (7/3, U4, U5, Ug) a^rf it satisfies 

(4.13) = B h (wu) Y[ Y[ G{ioj- Uj -u k ) \\ \\ G{ioj- Uj -u k ) 

3=1,2 fc=3, 4 3=5,6 fc=7,8 

as meromorphic functions in u € Q 2 i U 

Proof. The permutations symmetry is trivial. The symmetry 1(4.13(1 can be proven by degenerating 
the corresponding symmetry of Sh, see Theorem l4.ll We prove here the w-symmetry by considering 
the double integral 

G(z — U3, z — 114, x — U5 + s, x — i*6 + s, z — x — iuj — s) 



G(z + Ui, z + u 2 , x + u 7 — s, x + it 8 — s, z — x + iuj + s) 



dzdx 
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with s — ioj — \(ui + u 2 + u 3 + m 4 ) = — iui + ^(u 5 + u 6 + it 7 + u 8 ), where we impose on u S Qn^ 
the additional conditions 

(4.14) ) 0(— ) <«(— ) 

to ensure the absolute convergence of the double integral (this condition is milder than the corre- 
sponding condition l|4.7|l for Sh due to the missing factors G(iu> ± 2z, iu)± 2x) in the numerator of 
the integrand) , and the conditions l|4.6|l to ensure that the upward and downward pole sequences 
are separated by R. Using Fubini's Theorem and the hyperbolic beta integral (|4.12l) . similarly as 
in the proof of Theorem IUI yields (|4.13jl . □ 

4.5. The degeneration to the hyperbolic Euler integral. In this subsection we degenerate 
the hyperbolic hypergeometric function Sh(u) (u € QnS) along the highest root a^ 8 of R{E 7 ) with 
respect to the basis Ai of R(E 7 ) (see <|2.3[) for the associated Dynkin diagram). The resulting 
degenerate integral Eh (u) thus inherits symmetries with respect to the standard maximal parabolic 
subgroup 

Wx(D 6 ) :=W(E 7 ) a - s CW(E 7 ), 

which is isomorphic to the Weyl group of type Dq and is generated by the simple reflections s a 
(a G Ai \ {0:70})- The corresponding Dynkin diagram is 

"21 "32 "43 "54 "65 "76 



/?1234 

By the conditions 3i(ojj) > on the periods Uj (j = 1, 2) we have that ^ ) > 0. For generic 
parameters u = (ui, . . . , u§) eC 6 satisfying 



1 A s 2uj 



(4.15) 3 (_±_^ Wj ) >5R ( 



^1^2 r-f U)\L0 2 

we now define Eh{u) = Eh(u;u>i,u! 2 ) by 

, > f G(iu±2z;ui 1 ,u 2 ) , 
E h {u;u) U uj 2 )= / -dz. 

Jc \\.j=i (*\ u i ± z;uji,uj2) 

It follows from the asymptotics (|4.3|) of the hyperbolic gamma function that the condition l|4.15|l 
on the parameters ensures the absolute convergence of Eh(u). Furthermore, Eh(u) admits a unique 
meromorphic continuation to parameters u € C 6 satisfying l|4.15|l (in fact, it will be shown later 
that Eh(u) has a unique meromorphic continuation to u S C 6 by relating Eh to the hyperbolic 
Barnes integral £?/,). Observe furthermore that Eh{u) reduces to the hyperbolic beta integral (|4.5|l 
when the parameters u £ C 6 satisfy the balancing condition J2j=i u j = 4mj. We call Eh(u) the 
hyperbolic beta integral since its trigonometric analogue is a natural generalization of the Euler 
integral representation of the Gauss hypergeometric function, see Subsection 15.41 and 5, §6.3]. 

Proposition 4.8. For u € Q 2iu satisfying 9(«j — iiv) < (j = 1, . . . , 8), ^s((u 7 + u s )/u;iuj 2 ) > 
and (|4.15|) . we have 

( 7T1 \ 

(4.16) lim S h (u-ra 78 )exp[ (u 7 + u s ){2r - u 7 + u$) ) = E h (ui, u 2 , u 3 , w 4 , u 5 , u 6 ). 

r—>oo y U1\U1 2 J 

Remark 4.9. Proposition 14. 8| is trivial when u 7 = —u^ due to the reflection equation for G. 
The resulting limit is the hyperbolic beta integral 14.511 (since the balancing condition reduces to 

Proof. The assumptions on the parameters ensure that the integration contours in Sh and Eh can 
be chosen as the real line. We denote the integrand of the Euler integral by 

G(iw ± 2z) 
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and we set 



tt, n G(z — u 7 ) ( mz . . 

G(Z + U S ) \ bJ\LOi 



This allows us to write write 

/ 27TZ7* \ 

lh(u — ra 7H ; z) exp (u-j + u 8 ) ) = J(z)H(r + z)H(r — z), 

V w i w 2 / 

where (recall) Ih(u; z) is the integrand of the hyperbolic hypergeometric function Sh(u). Observe 
that H is a continuous function on R satisfying 

(7TZ 
(ug — id) 

i- tt / \ ( 2niz . A / 7TI 2 2 

Inn -n(z) exp (tt7 + Ms) = exp (u 7 — u & ) 

z^-oo \LUlL02 J \2uOlU02 

by 14.3(1 and by the reflection equation for the hyperbolic gamma function. Moreover, H is uni- 
formly bounded on R in view of the parameter condition ^s(uj + ug/wi^) > on the parameters, 
and we have 

lim H(r + z)H(r — z) = exp ( (u s — u?) 

for fixed zel. 

By Lebesgue's theorem of dominated convergence we conclude that 

lim Sh(u — ra 78 ) exp (uj + us) ) = lim / J(z)H(r + z)H(r — z)dz 

r^oc \ LOiL0 2 J r^ooj n 

J(z) lim H(r + z)H(r - z)dz 



/ \ I/O 9 \ 

= E h (ui, ...,u 6 ) exp (u s - u 7 ) 

\U>iUJ2 

as desired. □ 

As a corollary of Proposition 14 . 81 we obtain the hyperbolic beta integral of Askey- Wilson type, 
initially independently proved in and in [3*7| . 

Corollary 4.10. For generic u — [u\, U2, U3, U4) £ C 4 satisfying ^s( u ^ Sj=i u j) > ^ ( ) we 
have 

(4.17) f — — — — dz = 2^uJiuj2 G{u\ + u-> + U3 + U4 — 3iuj) TT G(iui — Uj — Uk). 

J c U 3 =i G ( u j ± z ) l<j<k<i 



Proof. Apply Proposition 14.81 under the additional condition u$ = —u§ on the associated param- 
eters u e G2iuj- Using the reflection equation for the hyperbolic gamma function we see that 
the right hand side of 1(4.16(1 becomes the hyperbolic Askey- Wilson integral. On the other hand, 
Sh(u — ra 78 ) can be evaluated by the hyperbolic beta integral 1)4.5(1 . resulting in 



f — — dz = 2y/uJiuj2 G(ioj ~ ur ~ us) JT G(iu> — Uj — Uk) 

JcYl J=1 G{u J ±z) i<j<k<4 



x lim exp ( (w 7 + u 8 )(2r - u 7 + u 8 ) ) TT 



4 



G(ioj — Uj — uj + r) 



m 

ujilu2 X ° yv ' ' °' J 1J ; G{— iuj + Uj + u 8 + r) 

J= i 

= 2^/u;ia;2 G(u\ + U2 + u 3 + u 4 — 3iu>) G(iu — Uj — Uk), 

l<j<k<4 

where we used the balancing condition on u and the asymptotics 1(4.3(1 of the hyperbolic gamma 
function to obtain the last equality. The additional parameter restrictions which we have imposed 
in order to be able to apply Proposition 14 . 81 can now be removed by analytic continuation. □ 
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Since both the Euler and Barnes integrals are limits of the hyperbolic hypergeometric function 
we can connect them according to the following theorem. 

Theorem 4.11. We have 
(4.18) 

5 

Bh{u) = Eh(u2 — s, u-i — s, tig — s, U3 + s, U4 + s, 1*5 + s) JJ^ G(iu> — u\ — Uj) J^J G{iuj — uq — Uj). 

j=3 j=2,7,8 

as meromorphic functions in {u £ Qiiu) | ^((^l + uq) / UJ1LV2) < $1(2uj/ujiuj2)}, where 
!/ ... 1, 

S = - [U2 + Ue + U7 + U8) — IW = tU) — - (Ul + U3 + «4 + U5 ). 

Proof. This theorem can be proved by degenerating a suitable i?7-symmetry of Sh using Proposi- 
tion l4.5l and Proposition ^. 81 We prove the theorem here directly by analyzing the double integral 



1 f G{iu ± 2z) n^ =3 G(x - 



■ dzdx 



\/ui^2 Jr2 G(ioj + s + x ± z)G(x + ui) 11^=2,7,8 G{u 3 — s± z) 

for 5R(wi), yt{(-02) > 0, it G §2iuj and s = 5(1*2 + uq + U7 + u§) — where we impose the additional 
parameter restraints W1LU2 £ K>o and 

|9f(s)| < 5ft(w), 3(u 6 + s)<0 

to ensure absolute convergence of the double integral (which follows from a straightforward analysis 
of the integrand using l|4.3|) and l|4.4(l . cf. the proof of Theorem 14. 1|) . and 

3(s) < 0, $(iuj-Uj)>0 (j = 1,3,4,5), 3(iw - u k + s) > (fc = 2,7,8) 

to ensure pole sequence separation by the integration contours. Note that these parameter re- 
straints imply the parameter condition 3(i*i + u§) < 25R(w) needed for the hyperbolic Euler 
integral in the right hand side of (|4.18() to be defined. Integrating the double integral first over 
x and using the integral evaluation formula l|4.12|l of Barnes type, we obtain an expression of the 
double integral as a multiple of Eh(u 2 — s, u 3 + s, u 4 + s, it 5 + s, U7 — s, u 8 — s). Integrating first over 
z and using the hyperbolic Askey- Wilson integral (|4.17l) . we obtain an expression of the double 
integral as a multiple of Bh(u). The resulting identity is (|4.18|l for a restricted parameter domain. 
Analytic continuation now completes the proof. □ 

Corollary 4.12. The hyperbolic Euler integral Eh(u) has a unique meromorphic continuation to 
u G C 6 (which we also denote by Eh(u)). 

From the degeneration from Sh to Eh (see Proposition 14.81) it is natural to interpret the pa- 

78 



rameter domain C 6 as G2iu /Ca 78 via the bijection 



6 

(4.19) C 5 u 1— ► (ux, . . . , ue, 2iu> — 

We use this identification to transfer the natural W\(Dq) = W(E~j) a - -action on ^2™ /Cafg to the 

parameter space C 6 of the hyperbolic Euler integral. It is generated by permutations of (iti, . . . , it 6 ) 
and by the action of w £ Wi(Dq), which is given explicitly by 

(4.20) = (til + S,1i2 + S, U3 + S,U4 + S, U5 — S,Uq — s), It £ C 6 , 

where s = iui~ \{u\ + ^2 + ^3 + 114). An interesting feature of Wi(D6)-symmetries of the hyperbolic 
Euler integral (to be derived in Corollarv l4.14|) . is the fact that the nontrivial w-symmetry of Eh 
generalizes to the following explicit integral transformation for Eh- 

Proposition 4.13. For periods uji,uj2 £ C with 5R(o;i), ^(^2) > and lo\uj2 G" R>o and for 
parameters s £ C and it = (tti, . . . , u§) £ C 6 satisfying 

(4.21) $>(_!_)> _«(_!:!_), ± U2 ± U3 ± Ui ) M " 5 + " 6 = ~ ) > «(— ) 

UJ1LU2 LU1UJ2 IjJ\UJ2 0J\IjJ2 U>\Ul2 
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and 

(4.22) Q( Uj -iu)<0 (j = l,...,4), 3(u fe -iu) < Q(s) < (k = 5,6), 

we /lave 

, G{iu±2x) 

E h (Ui,U2, U 3 , U4, IUJ + S + X, IUJ + S — X)—. ; ; r ClX 

G(«5 — S ± X, Uq — S ± X) 



(4.23) 



G(iu ~u 5 ~u 6 + 2s) 

2 v / ^i w 2 7^ — -irr E h (u). 

G(iu) — U5 — uq,ilo + 2s) 



Proof. Observe that the requirement W1W2 ^ R>o ensures the existence of parameters u £ C 6 and 
seC satisfying the restraints H4.21[l and l)4.22[l . Furthermore, l|4.21|l ensures that 



hence both hyperbolic Euler integrals in l|4.23[) are defined. We derive the integral transformation 
(14.231) by considering the double integral 

G(iu ± 2z, iuj ± 2x) 

G(iuj + s±x± z) rij = i G(u ± 2) ]lfc=5 G(ufc — six) 

which absolutely converges by 14.2111 . Integrating the double integral first over x using the hy- 
perbolic Askey- Wilson integral (|4.17l) yields the right hand side of (|4.23|l . Integrating first over z 
results in the left hand side of (|4.23l) . □ 

Corollary 4.14. The hyperbolic Euler integral Eh(u) {u £ C 6 ) is symmetric in (ui, . . . ,uq) and 
it satisfies 

6 

(4.24) Eh(u) — Eh{wu)G(iuj — U5 — ue)G(^^Uj ~ 3iu}) ]Q G(iu — uj — Uk) 

j=l l<j<k<4 

as meromorphic functions in u £ C 6 . 

Proof. The permutation symmetry is trivial. For l|4.24|l we apply Proposition 14.131 with s = 
iuj — \{u\ + U2 + U3 + U4). The hyperbolic Euler integral in the left hand side of the integral 
transformation (|4.23|l can now be evaluated by the hyperbolic beta integral (|4.5|l . The remaining 
integral is an explicit multiple of Eh{wu). The resulting identity yields (|4.24|) for a restricted 
parameter domain. Analytic continuation completes the proof. □ 

Remark 4.15. The w-symmetry Ij4.24|) of Eh can also be proved by degenerating the w-symmetry 
of Sh, or by relating (|4.24|) to a W^-C^-symmetry of E>h using Theorem 14. Ill 

The longest Weyl group element v\ £ W\(Dq) and the longest Weyl group element v £ W(Ey) 
have the same action on G2iuj/ < Cctj S . Consequently, under the identification Ij4.19|l . v\ acts on C 6 
by 

v\{u) = (iu) — Ui, . . . ,iui — u§), u £ C 6 . 

Corollary 4.16. The symmetry of the hyperbolic Euler integral Eh(u) with respect to the longest 
Weyl group element v\ £ Wi(Dq) is 

6 

E h (u) — E h (viu)G(-3iu> + Uj) Yl G(iu-Uj-Uk) 

j=i i<j<k<e 

as meromorphic functions in u £ C 6 . 

Proof. For parameters u £ Qn^ such that both u and vu satisfy the parameter restraints of 
Proposition 14.81 we degenerate the u-symmetry Ij4.8|l of Sh using (|4.16|) . Analytic continuation 
completes the proof. □ 

The contiguous relations for Sh degenerate to the following contiguous relations for Eh- 
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Lemma 4.17. We have 



(4.25) 



-77 T o- W \ ( E h( T 65 U ) ~ E h(u)) ~ (U 5 <-> U 6 ) 

S((U 5 - Uq + 2lOJ)/UJ2) 



6 

-s((u 5 ± u 6 )/w 2 )s((2iw - 2J Uj)/uj2)E h (u) 



as meromorphic functions in u £ C 6 . 

Proof. Use Proposition ^. 81 to degenerate the contiguous relation l|4.10|) for the hyperbolic hyper- 
geometric function Sh to Eh- □ 

4.6. Ruijsenaars' i?-function. Motivated by the theory of quantum integrable, relativistic par- 
ticle systems on the line, Ruijsenaars [211, EH introduced and studied a generalized hyper- 
gcomctric R- function R, which is essentially the hyperbolic Barnes integral Bh(u) with respect to 
a suitable reparametrization (and re- interpretation) of the parameters u € few • The new param- 
eters will be denoted by (7,2;, A) € C 6 with 7 = (71, . . . ,74) T € C 4 , where x (respectively A) is 
viewed as the geometric (respectively spectral) parameter, while the four parameters jj are viewed 
as coupling constants. As a consequence of the results derived in the previous subsections, we will 
re-derive many of the properties of the generalized hypergeometric i?-function, and we obtain a 
new integral representation of R in terms of the hyperbolic Euler integral E^. 
Set 

3 

Nh) = JjG(iTto+*7 3 -+tw). 
Ruijsenaars' 26 generalized hypergeometric function R(j; x, A; uj\uj2 ) = R{l, A) is defined by 

(4.26) R( T , x, A) = ^^= r( . , y B h {u) 

2^lo\loi G(«7o ± x, I'fo ± A) 

where u <E Guul^flvm, with 
(4.27) 

Ui=iu, u 2 — iuj + 270 + 171 , U3 = -«7o + x, U4 = —ij — x, 

U5 = -ijo + X, u 6 = -z7o - A, u 7 = iuj + i^ + i<y 2 , u s = iu> + ij + ija- 

Note that #(7; x, A; W\, LO2) is invariant under permuting the role of the two periods ui\ and u>2- 
Observe furthermore that the map (7, x, A) — > u+CPi 2 js, with u given by 14. 2711 . defines a bijection 



- 6 — » ^2iw/C/3i278- 

We define the dual parameters 7 by 



(4.28) 7 = 5 



/ll 1 1 \ 

11-1-1 
1-11-1 

V 1 -1 -1 i j 



We will need the following auxiliary function 



1 

C(7;y)= G(2y + ^ n G (y-^)- 



The following proposition was derived by different methods in |28) . 

Proposition 4.18. R is even in x and A and self-dual, i.e. 

R(j; x, A) = R(r, -x, A) = R(j; x, -A) = R(f, A, x). 

Furthermore, for an element a € W(Di), where W(D^) is the Weyl- group of type D4 acting on 
the parameters 7 by permutations and even numbers of sign flips, we have 

i2(7; x, A) R(aj;x, A) 

0(7; a;)c(7; A) AT (7) 0(177; x)c(aj; \)N(a r y) 
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Proof. These symmetries are all direct consequences of the 1^2(^6 )-syrnmetries of the hyperbolic 
Barnes integral Bh (see Proposition 14. 7|) . Concretely, note that the W2(-D6 faction on C 6 ~ 
<?2^/C/3i278 is given by 

srs(l,x,X) = (70, 71, 73, 72, x, A), 
si 8 (7,x,A) = (-73, 71,72, -70, x, A), 
w(j,x,X) = (71,70,72,73,^, A), 

1 % I % I 2 

545(7, at, A) = (^(to+To) + ~{x + X), -(71 +71) - -(a; + A), -(72 +72) - + A )' 
I z 1 i z I 

2(73 + 73) - 2 fa + A )' 2^° ~ 7o ^ + ~ A ' ) ' 2* 70 ~ 70 ^ + 2*- A ~ 

s 34 (7,x,A) = (7, -x, A), 

s 56 (7,x,A) = (7, a;, -A). 

The fact that i?(7; x, A) is even in x and A follows now from the S34 S W^(-D6) and S56 £ WaC^e) 
symmetry of Bh, respectively (see Proposition I4.7fl . Similarly, the duality is obtained similarly 
from the action of S35S46 and using that 70 + 7i = 7o + 7i {i = 1, 2, 3), while the PU(Z?4)-symmetry 
in 7 follows from considering the action of s 2 7 £ W2(D 6 ) (which interchanges 71 «-> 72), S78, s±g 
and w. □ 

Remark 4.19. Corollary 14 . 61 implies the explicit evaluation formula 

G(?w + 170 + ijj) 



G(iw + i7j + i^)G{i^j ± A) 
Using the M / (Z?4)-symmctry of R, this implies 

i?(7;iw + i7o,A;wi,w 2 ) = 1, 

in accordance with 1211 (3.26)]. 

Using Proposition ^. 71 and Theorem l4.11l we can derive several different integral representations 
of the i?-function. First we derive the integral representation of R which was previously derived 
in by relating R to matrix coefficients of representations of the modular double of the quantum 
group W,(fi[ 2 (C)). 

Proposition 4.20. We have 

D , u ^(7) G(x -ijo,x-i'yx,X-i%,X-i' : fx) 

2 y /UJ 1 UJ2 Cr(X + IJ2,X + «73, A + «7 2 , A + 173) 

where 

X iuj i X iuj i . 

V1/2 =X ~2 + Y ± T 10 ~ 7l ^' V3/4 = ~ X ~ 2 + T ± 2^ 73 ~ l2 '' 

X iuj i X ilu i . 

^5/6 = 2 + y ± 2^ 70 ~~ 7l ^ Vr / 8 = 2 + Y ± 2^ 2+l3 ' 

and Vj/k = a ± p means Vj = a + [3 and Vk = a — (3. 

Proof. Express Bf l (s3QWS35S28WSisu) in terms of Bh(u) using the H^(.D6)-syrnnietries of the hy- 
perbolic Barnes integral Bh (see Proposition I4.7fl and specialize u as in (|4.27() . This gives the 
desired equality. □ 



Moreover we can express R in terms of the hyperbolic Euler integral Eh, which leads to a 
previously unknown integral representation. 
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Theorem 4.21. We have 



ul , . 1 ITU G{ijo + Hj +iuj,\~ij 3 ) 

R{r,x,\) = 7—==— . - - > E h {u) 

2^uiu>2 G(A + 170) 

1 Il?=i G(ho + ilj + «w, A - 

--Sa(u), 



2v^I^ G(A + z7o) n j=0 G(»7i ± a?) 



where u E C 6 is given by 

iuj «7o . A , . «7o A 

m j = y + »7j-i - — + 2' U = 1 ,---,4), "5/6 = y + — ~ 2' 

and v € C 6 is given by 

iw . i% A iw «7o A 

w i = y + — + 2' U = 4), w 5/6 = y ±35 - — - - . 

Proof. To prove the first equation, express R(p/]x, A) in terms of 73,71,72, —7052;, A) using 
the W^-D^-symmetry of R (see Proposition 14. 18fl . Subsequently use the identity relating B h to 
E h , see Theorem 14.111 To obtain the second equation, apply the symmetry of E h with respect to 
the longest Weyl-group element V\ £ Wi(Dq) (see Corollary 14.160 in the first equation and use 
that R is even in A. □ 

The contiguous relation for Eh (Lemma 14. 170 now becomes the following result. 

Proposition 4.22 ([2Sj). Ruijsenaars' R-function satisfies the Askey-Wilson second order differ- 
ence equation 

(4.29) A(r,x;wi,U2){R{r,x + -R(r,x,X)) + (x <-+ -x) = B(r,\;ui,u) 2 )R(r,%,X), 
where 

A(7;x;wi,w 2 = — —— — — — - — -, 

s(2x/uj2)s(2{x + iuj) /CU2) 

5(7; A; wi, W2) = s((A - iuj - ryo)/w 2 )s((A + iu; + i%)/u)2). 

Remark 4.23. As is emphasized in , R satisfies four Askey-Wilson second order difference 
equations; two equations acting on the geometric variable x (namely 1)4.290 . and 14.290 with the 
role of lo\ and w 2 interchanged), as well as two equations acting on the spectral parameter A by 
exploring the duality of R (see Proposition 14. 180 . 

For later purposes, it is convenient to rewrite l|4.290 as the eigenvalue equation 

(jC^R( T , • , A; wi, lo 2 )) (x) = B( r , A; u 1} W2)R(r, x, A; w lt u 2 ) 

for the Askey-Wilson second order difference operator 

(4.30) (C^f)(x) := A{ T ,x;ui,U2)(f(x + iui) - f(x)) + (x «- -x). 

5. Trigonometric hypergeometric integrals 



5.1. Basic hypergeometric series. In this section we assume that the base q satisfies < \q\ < 
1. The trigonometric gamma function |24j is essentially the g-gamma function T q (x), see [5]. For 
ease of presentation we express all the results in terms of the g-shifted factorial [z; g) m , which are 
related to T q (x) by 

r q (x) = j s ^(i-q) 1 - x 

(with a proper interpretation of the right hand side) . The q-shifted factorial is the p = degen- 
eration of the elliptic gamma function, 

(5.1) r e (z;0,<?) = 7—^—. 
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while the role of the first order analytic difference equation is taken over by 

(^L = (!- z )(^;<?)oo- 

However there is no reflection equation anymore; its role is taken over by the product formula for 
Jacobi's (renormalized) theta function 

6(z;q) = (z^/ziq)^. 

As a function of z the g-shifted factorial (z;g) is entire with zeros at z = q~ n for n £ Z>o- In 
this section we call a sequence of the form aq~ n (n £ Z>o) an upward sequence (since they diverge 
to infinity for large n) and a sequence of the form aq n (n £ Z,>o) a downward sequence (as the 
elements converge to zero for large n). 

We will use standard notations for basic hypergeometric series from |5j- In particular, the r +i4>r 
basic hypergeometric series is 

/a!, ... , fl r+ i „\ _ y ■ ■ ■ ' g) n ,n l.l^! 

where (a; g) n = Ilj=o (1 — ac ?) an d with the usual convention regarding products of such expres- 
sions. The very-well-poised r +i0 r basic hypergeometric series is 

/ \ i ( ai,qal ,-qal,a,4, ■ ■ ■ ,a r+ i \ 

\a 1 2 ,-a 1 2 ,gai/a 4 ,...,gai/a r+ i / 
Finally, the bilateral basic hypergeometric series r ip r is defined as 



[ Oi.Oa,... ,0V 



^2, (ai,o 2 , ■ • ■ ,a r ;g) n 



(q/b 1 ,q/b 2 ,...,q/b r ;q) n f b x 



E 



1 {q/ai,q/a 2 ,...,q/a r ;q) n \a 1 ---a r z 

provided that |&i • • • 6 r /fli • • • o r | < |z| < 1 to ensure absolute and uniform convergence. 

We end this introductory subsection by an elementary lemma which we will enable us to rewrite 
trigonometric integrals with compact integration cycle in terms of trigonometric integrals with 
noncompact integration cycle. Let H + be the upper half plane in C. In this section we choose 
t £ H + such that q = e(r) once and for all, where e(x) is a shorthand notation for exp(27ria;). We 
furthermore write A = Z + Zt. 

Lemma 5.1. Let u,v £ C such that u ^ v + A. There exists an r\ = rj(u,v) £ C, unique up to 
K-translates, such that 

0(e(u + v — rj — x),e(x — 77); q) (e((v — u)/t) — l)6(e{x — u), e(v — x); q) 

9(e(u - 77), e(v -rj);q) r(q, q; q) 6(e(v - u); q) 

(5.2) 

E 



1 



X 

n— — 00 



(l — e((v — x — n)/r)) (e((x +n — u)/t) — l) 

Proof. Set q — e(— 1/r). The bilateral sum 

f(X) = „£, (l-e((«- a ;-n)/r))(e(( a : + n- U )/T)-l) 

1 - 2 i; 2 (^ V - X ]i T \'i^r x) ( T ) V ,q,q 



(1 - e((« - x)/T))(e((x - u)/t) - 1) ^ \qe((v - x)/r),qe{{u - x)/r) 

defines an elliptic function on C/A, with possible poles at most simple and located at u + A and 
at v + A. Hence there exists a 77 £ C (unique up to A-translates) and a constant C n £ C such that 

0(e(u + v — rj — x), e(x ~ rj); qj 



fix) = C v - 



(e{x — u), e(v — x); q) 
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We now compute the residue of / at u in two different ways: 

r f 

Res(/) = — T — — Y 

x=u 2m (1 — e((v — u)/t)) 

from the bilateral series expression of /, and 

C v 6(e(u-r}),e(v-r]);q) 



Res(/) 



2iri (g,g;g) oo 6»(e(w - u);q) 



from the expression of / as a quotient of theta-functions. Combining both identities yields an 
explicit expression of the constant C v in terms of 77, resulting in the formula 

_ r(q, q; q) oo 6(e(v -u);q) 0(e(u + v - r) - x), e(x - rj);q) 

(e((v — u)/t) — l) 6(e(x — u), e(v — x), e(u — rf), e(v — 77); q\ 

for /. Rewriting this identity yields the desired result. □ 

5.2. Trigonometric hypergeometric integrals with E§ symmetries. We consider trigono- 
metric degenerations of S e (t) (t 6 H pq ) along root vectors a £ R(E$) lying in the W(Ej) = 
W(E s ) s -orbit 

(5.3) O := W(E 7 )(a+ 8 ) = {a+ , ljh | 1 <j < k < 8}, 
cf. Section [3 The degenerations relate to the explicit bijection 

(5.4) Q Qio S ( pq ) , (ui,...,u 8 )>-^(ui,...,U8)+log(pq)a 

on the parameter spaces (in logarithmic form) of the associated integrals. We obtain two different 
trigonometric degenerations, depending on whether we degenerate along an orbit vector of the 
form a = a^ k , or of the form 7^. 

Specifically, we consider the trigonometric degenerations S t (t) respectively U t {t) (t £ Hi) of 
S e (t) (t £ Tt P q) along the orbit vector af 8 and 71s respectively. The orbit vector af 8 (respectively 
7ig) is the additional simple root turning the basis Ai (respectively A2) of R{E-j) into the basis 
Ai (respectively A 2 ) of R(Eg), see Section |2 The induced symmetry group of S t (t) (t £ Hi) is 
the isotropy subgroup W(Ej) a + of W(Ej), while the induced symmetry group of U t {t) (t £ Hi) 
is W(Ey) 1is . It follows from the analysis in Section [21 that W(Ef) + = W(E*i) lls is a maximal, 
standard parabolic subgroup of W(Ej) with respect to both bases Ai and A2, isomorphic to the 
Weyl group W{E&) of type E§, with corresponding simple roots A^ = Ai \ {o^} and A 2 = 
A2 \ {0^87}, and with corresponding Dynkin diagrams 

"21 "32 «43 «54 a 65 a 76 a S7 a 18 ^5678 <*45 a 34 «23 
o • • • • • o • • • • • 



'56 



P1234 

Observe that a^ 8 and a? e are the highest roots of the standard parabolic root system R{Eq) of 
type Eq in R{E-j) corresponding to the bases A' : and A 2 respectively. From now on we write 



W(E 6 ) := W(E 7 ) a + = W(E- 



7J71S 



We first introduce the trigonometric hypergeometric integrals St(t) and Ut(t) (t £ Hi) explicitly. 
Their integrands are defined by 



(z^,t^z^,t^z^- q ) c 

nJ= 2 fe z±1 ;<?)oo 



tV ' ; ft (U 11 : t. a hi' n\ \ o/ll (+.vn\ 1 1 



6{ti/fi,t 8 /fi;q) \ q J f \ {Uz-q)^ .±± g (t j z/q,t j /z;q) c 
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where t = (ti,...,t$) G (C x ) 8 . For generic t — (ti,...,t$) G C 8 satisfying n?=i*j = 1 an d 
generic /i G C we now define the resulting trigonometric hypergeometric integrals as 

S t (t)= f I t (t;z)^-, U?(t) = f 4(t;q)^- 
Jc 27Tiz J c , 2mz 

where C (respectively C) is a deformation of the positively oriented unit circle T including the pole 
sequences tjq^ (j = 2, . . . , 7) of It(t; z) and excluding their reciprocals (respectively including the 
pole sequences tjq z ^° (j — 1, 8) of J t M (£; z) and excluding the pole sequences t~ 1 q z ^ 1 (j = 1, 8) and 
t~ 1 q z -° {i = 2, . . . , 7)). As in the elliptic and hyperbolic cases, one observes that S t (t) (respectively 
Ut(t)) admits a unique meromorphic extension to the parameter domain {t G C 8 | Y\.j=i *J = ^} 

(respectively {(/i, f) G C x x C 8 | rij-i^j — !})• We call St(t) the trigonometric hypergeometric 
function. 

Lemma 5.2. The integral U^(t) is independent of \i G C x . 

Proof. There are several different, elementary arguments to prove the lemma, we give here the 
argument based on Liouville's Theorem. Note that U^(t) — Uj^(t), and that the possible poles 
of \x i— > Ut(t) are at tjq z (j = 1,8). Without loss of generality we assume the generic conditions 
on the parameters ( 6 C 8 (Ilj=i *j = -0 sucn that U^(t) admits the integral representation as 
above, and such that t\ G" is<? Z - The latter condition ensures that the possible poles tig z ,ts<7 Z of 
/i i—* Uj*(t) are at most simple. But the residue of U^(t) at /j = tj (j = 1,8) is zero, since it is an 
integral over a deformation C of T whose integrand is analytic within the integration contour C 
and vanishes at the origin. Hence C x 3 /i i— > U^(t) is bounded and analytic, hence constant by 
Liouville's Theorem. □ 

In view of Lemma |5. 21 we omit the /^-dependence in the notation for Ujf(t). Since It(—t; z) = 
It(t;—z) and J^(—t;z) = J t _M (i; —z), we may and will view St and Ut as meromorphic function 
on Hi. 

By choosing a special value of n, we are able to derive another, "unfolded" integral representa- 
tion of Ut(i) as follows. Let H + by the upper half plane in C. Choose t G H + such that q = e(r), 
where e(x) is a shorthand notation for cxp(27rix). Recall the surjective map ipo : Go — ► TL\ from 
Section |3 

Corollary 5.3. For generic parameters u G Go we have 
2 (e((us - ui)/t) - 1) 



q) x e(ui)0(e(u 8 - ui);q) 

1 _ e(2x) \ -q (eix-Uj^q)^ (qe(x - m), qe(x - u 6 ); q) 



(e{x + u j );q) oo (q l e(x + Ui),q 1 e(x + u 8 ); q) ^ 

x e M. 

(l-e((u s -x)/T))(l-e((x- Ul )/r)) 



dx 



where the integration contour £ is some translate £+R (£ G iM) of the real line with a finite number 
of indentations, such that C separates the pole sequences + Z + Z<it, — Ms + Z + Z<ir and 
— Uj + Z + Z<qt (j = 2, . . . , 7) o/ £/ie integrand from the pole sequences u% + Z>ot and Ms + Z>ot. 

Remark 5.4. Note that always £ ^ in Corollarv l5.3l Due to the balancing condition Ylj=i u j = Oj 
there are no parameter choices for which C = M can be taken as integration contour. This is a 
reflection of the fact that there are no parameters t G Hi such that the unit circle T can be chosen 
as integration cycle in the original integral representation Ut(t) = J c , Jt(t; z)^- f JJt(t). 

Proof. In the integral expression 

dz 



U t (ip c (2mu)) = / J?{ip Q {2mu);z) 



2niz ' 
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we change the integration variable to z — e(x), take y, = e(rj(ui,u s )), and we use Lemma 15.11 
to rewrite the quotient of theta-functions in the integrand as a bilateral sum. Changing the 
integration over the intented line segment with the bilateral sum using Fubini's Theorem, we can 
rewrite the resulting expression as a single integral over a noncompact integration cycle C. This 
leads directly to the desired result. □ 

In the following lemma we show that Ut(t) can be expressed as a sum of two nonterminating 
very-well-poised io</>9 series. 

Lemma 5.5. As meromorphic functions in t € Hi, we have 

U ^ = I ,2 77 J ■ u \ ft {t ( ] ,t / ,q) ™ wWs&tih, tit 3 , . . . , ht 7 , t -^;q, q ) + {h <- t s ) . 
{q,n,tit 6 /q,h/h;q) OB f = L 2 [ht^qj^ y q q 

Proof. For generic t S Hi we shrink the contour C in the integral representation of Uj^(t) = 
J c , Jt(t; z)^^ to the origin while picking up the residues at the pole sequences tiq z ^° and tsq z -° 
of the integrand Jt(t; z). The resulting sum of residues can be directly rewritten as a sum of two 
very-well-poised io4>9 series, leading to the desired identity (cf. the general residue techniques in 
EO §4.10]). □ 

Remark 5.6. Lemma |5.5I yields that Ut(t) is, up to an explicit rescaling factor, an integral form 
of the particular sum <!> of two very-well-poised io</>9 series as e.g. studied in [2] and ^3 ( see 
(1.8)], |15l (9c)]). Note furthermore that the explicit /i-dependent quotient of theta-functions in 
the integrand of U^(t) has the effect that it balances the very- well-poised io</>9 series when picking 
up the residues of J^(t; z) at the two pole sequences tiq z ^° and tsQ 2 - - 

In the following proposition we show that St (respectively Ut) is the degeneration of S e along 
the root vector a^ 8 (respectively 7is)- 

Proposition 5.7. Let t = (ti, . . . ,is) G C 8 be generic parameters satisfying the balancing condi- 
tion = Then 

S t (t) = lim S e (pqti,t 2 , ■ ■ .,t 7 ,pqt$), 

(5.5) 

U t (t) = lim9(t 1 ts/pq-,q)S e ((pq)-h 1 ,ipq)it 2 , ■ ■ ■ ,{pq)^t 7 ,{pq)~hs). 

p—>0 

Proof. For the degeneration to St(t) we use that 

nj=2 Fefaz^p, q) 



I e (pqti,t 2 , ■ . ■ ,t 7 ,pqt s ; z) 



T^^z^^z^q) 

in view of the reflection equation for T e , which (pointwise) tends to I t (t;z) as p — > in view of 
(15.1(1 . A standard application of Lebesgue's dominated convergence theorem leads to the limit of 
the associated integrals. 

The degeneration to Ut(t) is more involved, since one needs to use a nontrivial symmetry 
argument to cancel some unwanted sequences of poles of J e (t; z). To ease the notations we set 

t P = (0?r^i, (m)**2, . . . , (j>q) h 7 , (pq)~h 8 ) 

and we denote 

_ edpqyhits/yz, (pq)-hiz, (pq)-h s z, {pq)iz/fi; q) 

Q[Z) ~ 0(z 2 ;q) 

By (|3.6() . we have the identity 

Q(z) + Qiz^ 1 ) = 9(tit 8 /pq,ti/n,t 8 [i;q). 
Since the integrand I e (T p \ z) is invariant under z i— ► we can consequently write 

9(tit s /pq;q)S e (t p ;z) = -T- 2 f Q(z)I e (t p ; z)- d " 



e(ti/fj,,t s /fj,;q) Jc e P ' 27r«' 
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with C a deformation of the positively oriented unit circle T seperating the downward pole se- 
quences of the integrand from the upward pole sequences. Taking (pq)?z as a new integration 
variable and using the functional equation and reflection equation of T e , we obtain the integral 
representation 



(5.6) 



0{tih/pq\ q)S e (t p ;z) = 

lc 9(ti/fj,,t a /fj,\q) 



= 2 



9(z 2 /q;p)1[ 



T e (tjz;p, q) 



=2 r e( z Aj;p>9) ,±i 



Y[ T e (tjz/q,tj/z;p,q) 



dz 
2ixiz ' 



where C is a deformation of the positively oriented unit circle T which includes the pole sequences 
tip z ^°q z ^° ,t8P Z -°9 Z -° and t/p z sig z >i (j = 2,..., 7), and which excludes the pole sequences 
£j-ipZ 50 gZ sl) t ~i p z<o q z<i an d tj 1 p z <°q z <° (j = 2, ... ,7). We can now take the limit p -» in 
(|5.6(1 with p-independent, fixed integration contour C, leading to the desired limit relation 



lim 0(t 1 h/pq;q)S e (t p ) = U?(t). 

□ 



Remark 5.8. Observe that Lemma 15.51 and the proof of Proposition 15 . 71 entail independent proofs 
of Lemma l5~2*l 

By specializing the parameters t € TL\ in Proposition 15.71 further, we arrive at trigonometric 
integrals which can be evaluated by l|3.2|) . The resulting trigonometric degenerations lead immedi- 
ately to the trigonometric Nassrallah-Rahman integral evaluation formula |SJ (6.4.1)] and Gasper's 
integral evaluation formula (4.11.4)]: 

Corollary 5.9. For generic t = (t-y, . . . ,t 6 ) S C 6 satisfying the balancing condition Ylj=y tj = 1 
we have 

(z^^z^-q)^ dz 2n- =2 (lAi^L 



e(t b Ulnz,z/n;q) ( z 2 \ -X (z/t^q)^ „ 1 dz_ 

'a 6(t B /li,to/n;q) \ <1 J fJl (tjZiq)^ k if 6 {t k z/ q,t k / z;q) ^ 2mz 

(q, t 5 t 6 /q; q) nj=i IIa=b ?)„ ' 



where C is the deformation of T seperating the pole sequences tjq^ (j = 2, . . . , 6) of the inte- 
grand from their reciprocals, and where C is the deformation of T seperating the pole sequences 
hq z ^°,t 6 q z ^° of the integrand from the pole sequences tj x q z ^° (j = 1, . . . ,4), t^q^ 1 andt^q^ 1 . 

Proof. For the first integral evaluation, take t £ TLy and t-j = t^ 1 in the degeneration from S e to 
St, and use the elliptic Nassrallah-Rahman integral evaluation formula i|3.2[l . 

For the second integral evaluation, take t 6 Ti.y with t§ — t^ in the degeneration from S e to 
Uj* and again use l|3.2|l to evaluate the elliptic integral. It leads to the second integral evaluation 
formula with generic parameters (ti, t%, t$, t±, t§, tg) € C 6 satisfying t\ ■ ■ ■ t§tg, = 1. □ 
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The second integral in Corollarv l5 . 91 can be unfolded using Corollarv l5.3l We obtain for generic 
parameters heC 6 satisfying Tlj—i Uj = 0, 

e(2x)\ -q (e(x- %•)'>?)«, (g e ( x _ u 5), ge(a: - u 6 ); g)^ 




3 J{{e(x + Uj);q) oo (q 1 e(x + u 5 ),q l e(x + u 6 ); g) c 



dx 



(l-e((u 6 -x)/r))(l~e((x-u 5 )/T)) 
= Tt 5 9(t 6 /h; q) (q; g)^ rii<j<fc<4 (l/*j*fc; g)^ 

( e (K ~ U8 )/r) - 1) (w?L n - =1 nLs(*J*fc; ?)„ ' 

where r € H + such that q = e(r), where tj = e(v,j) (j = 1, ... ,6) and where the integration 
contour £ is some translate £ + K (£ € zK) of the real line with a finite number of indentations, 
such that C separates the pole sequences — u§ + Z + Z<ir, — uq + Z + Z<ir and — Uj + Z + Z<ot 
(j = 1, . . . , 4) of the integrand from the pole sequences W5 + Z>ot and Mg + Z>oT. This is Agarwal's 
identity (4.7.5)]. 

Furthermore, using Lemma 15.51 the second integral in Corollary 15 . 91 can be written as a sum of 
two very- well-poised 807-series. We obtain for generic t G C 6 satisfying Ylj=i *i = 1, 

7 , 2 — / - t: \ TT ^l ,t / ,q }°° S W 7 (^;t 5 ti,t 5 t 2 ,t 5 t 3 ,t 5 U, g, q) + (* 6 ~ i 6 ) 
{q^lhte/q^e/t^qj^f^ {tgt^q)^ K q q 

ni< J <fe<4( 1 Ai*fe;g) 00 



(<?, t 5 * 6 /g; g)^ nLi nLsfe^; 9) 



' 00 1 i j= 

which is Bailey's summation formula 5, (2.11.7)] of the sum of two very- well-poised 807 series. 

We can now compute the (nontrivial) W(i?6) -symmetries of the trigonometric hypergeometric 
integrals St and Ut by taking limits of the corresponding symmetries on the elliptic level using 
Proposition 15.71 We prefer to give a derivation based on the trigonometric evaluation formulas 
(see Corollary 15 .9(1 . in analogy to our approach in the elliptic and hyperbolic cases. 

Proposition 5.10. The trigonometric integrals St(t) and Ut(t) (t G Tt±) are invariant under 
permutations of (t\, t%) and of (t 2 , . . . , t 7 ). Furthermore, 

ou . , . (l/*i*2, l/*i*3, l/*i*4, l/tsts, l/tste, 1/^7; <?) 
S t {t) = St(wt)- 



(t 2 t 3 , t 2 t 4 , t 3 t 4 , t 5 t 6 , t 5 t 7 , t 6 t 7 ; q)^ 

TTU . TTI ^{l/t 2 t 3 ,l/t 2 t 4 ,l/t 3 t 4 ,l/t 5 t 6l l/t 5 t 7 ,l/t 6 t 7 ;q) r 
U t {t) = U t (wt) — 



(tit 2 , t\t 3 , t\ti, t^ts, t^ts, tit^'i q) x 
as meromorphic functions int G Hi. 

Proof. In order to derive the w-symmetry of St(t) we consider the double integral 

(z^ 2 ,^ 2 ,^ 1 ^ 1 ^^ 1 ^ 1 ^)^ dz dx 

T 2 (t 2 z ±1 , t 3 z ±1 , t 4 z ±1 , sz ±:L x ±:L , s~ 1 t 5 x ±1 , s~ 1 t 6 x ±1 , s~ 1 t 7 x ±1 ;q) 2niz 2mx 

for parameters (ti, . . . ,tg) G C 8 satisfying *i = 1> where s 2 tit 2 t 3 t 4 = 1 = s^t^tot 7 tg and 

where we assume the additional parameter restraints 

\t 2 \,\t 3 \,\U\,\s\,\t 5 /s\,\t 6 / S \,\t 7 /s\ < 1 

to ensure that the integration contour T separates the downward sequences of poles of from 
the upward sequences. The desired transformation then follows by either integrating the double 
integral first to x, or first to z, using in each case the trigonometric Nassrallah-Rahman integral 
evaluation formula (see Corollary 15. 9J) . 
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The proof of the w-symmetry of U t (t) follows the same line of arguments. For e > we denote 
eT for the positively oriented circle in the complex plane with radius e and centered at the origin. 
The w-symmetry 

U» /S (t) = U»(wt) ( 1/M3 ' 1/t3U ' 1/M6 ' W? ' 1/t6h; ^ 

(tit 2 , tits, ti^4, t$tg, t§tg, t 7 tg; q)^ 

for t S Hi, where s 2 tit 2 t 3 t i = 1 = s~ 2 t 5 t 6 t 7 t$, by considering for (ti,...,tg) £ C 8 satisfying 
tj = 1 the double integral 



| 9S |t) 2 [ e(st 8 /^,sti/fi,t s /s^;q) V Q J \ 1 

(z/t 2 ,z/t 3 ,z/t 4 ,xz/s,sx/t 5 ,sx/t e ,sx/tr,q) 00 \ dz dx 



(tiz/q,ti/z, t%z, tsz, t±z, sxz/q, sz/x, sx/z, t$x/s, tex/s, tjx/s, tgx/qs, tg/sx; g) J 2iriz 2irix 
with s 2 tit 2 t 3 t4 = 1 = s~ 2 t$t§t 7 tg, where we assume the additional parameter restraints 

0<|s|«|^|, \tx\At 2 Wt 3 \\tl x \ < \qs\, |t 5 |,|*6|,|*7| < \t S \<\qs 2 \ 

to ensure a proper separation by the integration contours of the upward sequences of poles from the 
downward sequences. Using the second trigonometric integral evaluation formula of Corollary 15. 91 
then yields the desired result for the restricted parameter domain. Analyic continuation completes 
the proof. □ 

Remark 5.11. Rewriting Ut(t) as a sum of two very-well-poised io</>9 series (see Lemma [5.51 and 
Remark I5.6JI , the w-symmetry of Ut (t) becomes Bailey's four-term transformation formula 
(2.12.9)], see also 0. The identification of the symmetry group of Ut with the Weyl group of type 
Ee has been derived by different methods in |15j . 

Finally we relate the two trigonometric integrals St and Ut- We can obtain the following 
proposition as a degeneration of a particular W (E^-syuimetry of S e , but we prefer here to give a 
direct proof using double integrals. 

Proposition 5.12. As meromorphic function in t € Hi, we have 

aM l\2<j<k<5 ( - t J t ^q)co(t 6 t 7 ;q) cc ../././% 

St\t) , j— : 77 I 7771 \ = Ut{t 6 /S,st2,st3,st4,st 5 ,ti/S,ts/S,t 7 /S), 

[l/qtitg, 1/titQ, l/tit 7 , 1/tgte, l/tgt 7 ; q)^ 
where tit^b^t^s = 1 = titet 7 tg/s 2 
Proof. For (*i, . . . ,tg) € C 8 satisfying J]Li *j = 1 

we consider the double integral 



9{fj,z,t 6 t 7 fi/s 2 z) ( _ z^\ -A- 1 
gerfiJx&c 0{ten/s,t 7 n/s) \ q J j-J^ (tjX^iq)^ 

(x ±2 , zx ±x I s, sz/ti, sz/tg; <?)oo dx dz 

(szx^ 1 , t 7 z/sq, t 7 /sz, tgz/sq, tg/sz, tiz/s, tgz/s; q)oo 2irix 2niz ' 

with s 2 t 2 t 3 t4t^ = 1 = s~ 2 titet 7 tg and with < 77 < min(|s -1 |, where we assume the 

additional parameter restraints 

\t 2 \,\t 3 \,\U\,\t 5 \ < 1, |t 6 |,|i 7 |<Tj|«|, |*i|, |*s| < »7 _1 |s| 

to ensure a proper separation by the integration contours of the upward sequences of poles from 
the downward sequences. Using Corollarv l5.9l we can first integrate over x using the trigonometric 
Nassrallah-Rahman integral evaluation formula, or first integrate over z using the second integral 
evaluation formula of Corollary 15. 91 The resulting identity gives the desired result for restricted 
parameter values. Analytic continuation completes the proof. □ 
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Remark 5.13. (i) Combining Proposition 15. 1^1 with Lemma 15.51 we obtain an expression of S t (t) 
as a sum of two very-well-poised 10^9 series, which is originially due to Rahman [5J (6.4.8)]. 

(ii) For e.g. Me = ? m (m S Z> ), it follows from (i) (see also [H] and (6.4.10)]) that the 
St(t;p,q) essentially coincides with the biorthogonal rational function of Rahman 2l|, which is 
explicitly given as a terminating very-well-poised 10^9 series. 

5.3. Contiguous relations. The fundamental equation on this level equals 

(5.8) -(1 - ra ±1 )(l - yz ±x ) + -(1 - vy^il - zx ±x ) + -(1 - «z ±1 )(l - xy ±l ) = 
y z x 

where (1 — ax ±:L ) = (1 — ax)(l — ax^ 1 ). The fundamental relation (|5.8I) is the p = reduction of 
(|3.6() . In this section ry = log ^ acts as in the elliptic case by multiplying U by q and dividing 
tj by g. Formula (|5.8|l leads as in the elliptic case to the difference equation 

(5.9) ii_Mfv^ ((T45 i) + (]-^i 1 /<i) St{Te5t) = m 4 e Wl . 



To obtain a second difference equation between trigonometric hypergeometric functions where two 
times the same parameter is multiplied by q, we can mimick the approach in the elliptic case with 
the role of the longest Weyl group clement taken over by the clement u = ws^saqw € W^Eq). 
Alternatively, one can rewrite the difference equation l|3.8l) for S e in the form 

0(t 3 /qt 4 ,l/t 1 t 5 ,l/t 8 t 5 ,t2t 5 /q,t 5 t 6 /q,t 5 t T /q;p) ^ 



0{t 3 /h;p) 

= 6{l/qtitii 1/qtsU, t 2 t4, Ut 6 , t4.tr, p)S e (t) 

where t £ TL\ and t = (pqti,t 2 , ■ ■ ■ , t 7 , pqts) , and degenerate it using Proposition 15.71 We arrive 
at 



, , (1 - U/qtj) -pr (l-l/t 5 tj) yr (1 - t 5 tj /q) , 



Together these equations imply the following result. 
Proposition 5.14. We have 

(5.11) A(t)S t (T 45 t) + (t 4 t B ) = B(t)S t (t) 

as meromorphic functions in t S Wi, where 

(i-^)a-^)n,= 2 ,3 )6) 7(i-^) 



A(t) 



*4(l-^f)(l-^)(l-|) 

ft - " - ^e)(l - Me)(l - t 2 t 6 ) 

*6(1-^)(1-^) 
(1 -£)(!- M 4 ) ~ i-U ^-=2,3,7(1 ~ ^) 

+ *•(!-&)(! 

(1 - If XI - *6* 5 ) jWl - tfej ^-=2,3,7(1 ~ ^) 

Despite the apparent asymmetric expression B still satisfies B(sQ 7 t) = B(t). 
The contiguous relation for the elliptic hypergeometric function S e with step-size p can also be 
degenerated to the trigonometric level. A direct derivation is as follows. By l|3.6|l we have 

^77 111 ' ,q ^ It(h,t 2 , ...,t 5 , qt 8 , t 7 , t 6 /q; z) + ^ 8 % ' ,q h t(h,t 2 , ...,t 6 , qt 8 , t 7 /q; z) = I t (t; z). 
9{t 6 t 7 ;q) 6{t 7 t 6 ;q) 



.'SO 



F.J. VAN DE BULT, E.M. RAINS, AND J.V. STOKMAN 



Integrating this equation we obtain 



(5.12) Ji. ' / S t (h,t 2 , ...,t 5 , qt s ,t T , t 6 /q) + (t 6 «-> i 7 ) = S t (t) 



as meromorphic functions in i € 7i 1 , a three term transformation for St ■ The three term transfor- 
mation (6.5)] is equivalent to the sum of two equations of this type (in which the parameters 
are chosen such that two terms coincide and two other terms cancel each other). 

Remark 5.15. In 15 it is shown that there are essentially five different types of three term 
transformations for $ (see Remark l5.6fl . or equivalently of the integrals Ut and St . The different 
types arise from a careful analysis of the three term transformations in terms of the W(£7)-action 
on Til. It is likely that all five different types of three term transformations for $ can be re- 
obtained by degenerating contiguous relations for S e with step-size p (similarly as the derivation 
of i|5.12[l 'l: concretely, the five prototypes are in one-to-one correspondence to the orbits of 

{(a, (3, 7) € O 3 I a, (3, 7 are pair-wise different} 

under the diagonal action of W(Et), where O is the W^E^-orbit Q5.3[l . 

5.4. Degenerations with D5 symmetries. In this section we consider degenerations of St and 
Ut with symmetries with respect to the Weyl group of type D$ . Compared to the analysis on the 
hyperbolic level, we introduce a trigonometric analog of the Euler and Barnes' type integrals, as 
well as a third, new type of integral arising as degeneration of Ut. We first introduce the degenerate 
integrals explicitly. 

For generic t = (ti, . . . , tg) £ (C x ) 6 we define the trigonometric Euler integral as 



(5.13) E t {t) = 



\z 



±2 



^z^-q)^ dz 



where C is a deformation of the positively oriented unit circle T seperating the decreasing pole 
sequences tjq z ^° (j — 2, ... ,6) of the integrand from their reciprocals. We have Et(—t) = E t (t), 
and E t has a unique meromorphic extension to (C x ) 6 . The resulting meromorphic function on 

(C x ) 6 /C2 is denoted also by E t . 

For generic fi £ C x and generic t = (ii,...,ig) £ C 8 satisfying the balancing condition 
tj = 1 we define the trigonometric Barnes integral as 

6(ht7/(iz,z/fi;q) {z/h, z/t s ;q)oo dz 



(5.14) B t (t) = 2jf 



C e{t 2 /^ : t 7 /^q) Yl & ]= ^t J z ] q) 00 {t 2 /z,t 1 /z ] q) 00 '2iTiz' 

where C is a deformation of T seperating the decreasing pole sequences i2<Z Z -° and t7q z ^° of the 
integrand from the increasing pole sequences t~ 1 q z ^° (j = 3, . . . , 6). Analogously to the analysis 
of the integral Ut(t), we have that the trigonometric Barnes integral B t (t) uniquely extends to a 
meromorphic function in {(/x, t) £ C x x C 8 | Yij=i ^0 = 1} which is independent of /i (cf. Lemma 
15.2(1 . Furthermore, by a change of integration variable we have B t (—t) = B t (t), hence B t may 
(and will) be interpreted as meromorphic function on Tii. 
Finally, for generic t = (t\, . . . ,t$) £ (C x ) we consider 

(5.15) V t (t) = 2 / y»*3Wa*;g) f , _ ±\ A (*/*,;«) 1 *L 

where C is a deformation of T seperating the decreasing pole sequence tiq z ^° of the integrand 
from the remaining (increasing) pole sequences. As before, Vt unique extends to a meromorphic 
function on (C x ) 6 /C 2 . 

Similarly as for Ut(t), the trigonometric Barnes integral B t (t) can be unfolded. Recall that 
q = e(r) with r £ H + , where e(x) is a shorthand notation for exp(27ria;). 
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Lemma 5.16. For generic parameters u G Go we have 
2 (e((« r - u 2 )/t) - l) 



B t {M^u)) = 



r(q, q; q) x e(u 2 )9(e(u 7 - u 2 );q) 

(e(x - m),qe(x - u 2 ),qe(x - u 7 ), e(x - "a); g)^ 
(e(x + u 3 ),e(x + u 4 ),e(x + u 5 ), e(x + u 6 ); q)^ 



(l-e((u 7 -x)/T))(l-e((x-u 2 )M) 



dx, 



where the integration contour C is some translate £ + M. (£ S iR) of the real line with a finite 
number of indentations, such that C separates the pole sequences —Uj + Z + Z<qt (j = 3, . . . , 6) 
of the integrand from the pole sequences u 2 + Z>ot and u 7 + Z>ot. 

Proof. The proof is similar to the proof of Corollary 15. HI □ 

For B t (t) and Vt(t) we have the following series expansions in balanced 4</>3's (respectively in a 
very- well-poised 8^7) ■ 

Lemma 5.17. (a) We have 

Rm _ 2(t 2 /f 1 ,* 2 /t 8 ; g ) oo ft 2 t 3 ,t 2 U,t 2 t 5 ,t 2 t 6 \ 

(q,t 7 /t 2 ,t 2 t3,t 2 t4,t2t5,t 2 te;q) oo \qt2/t 7 ,t 2 /t 1 ,t 2 /t 8 J 

as meromorphic functions in t € Hi- 
(b) W^e Ziawe 



2 Jl (h/t^q) (t\ 1 

t - ^ — \ — II ttz — r^s^ — ;*i^2,ti*3, ■ ■ - ,tit6;q, ...... 



as meromorphic functions in t € (C x ) /C2.' |iit2^3^4^5i6 1 > 1- 

Proof. This follows by a straightforward residue computation as in the proof of Lemma 15.51 (cf. 
also §4.10]). For (a) one picks up the residues at the increasing pole sequences t 2 q z ^° and 
t 7 q z ^° of the integrand of B t (t); for (b) one picks up the residues at the single increasing pole 
sequence *ig z ^° of the integrand of Vt(t). □ 

Proposition 5.18. For generic t £ 7i\ we have 

lim5 t (ii, • ■ ■ ,t e ,t 7 u,t$/u) = E t (h, . . . ,t 6 ), 

u— *0 

ft 1 \ n 1 — 1 - 1 1111 _1 _1. 

lim [t 2 t 7 u\ q) dMiu 2 ,t 2 u 2 ,t^u 2 , *4U 2 , *5U 2 ,tsii 2 ,t 7 u 2 ,t%u 2 )—Bt(t), 
lim (tit 7 /u;q) U t (ti, . . . ,t 6 ,t 7 /u,t 8 u) = V t (ti, . . . ,t 6 ), 

/II —I —I —I —I I 1^ 

\miUt(t 2 u 2 ,t\u 2 ,t%u 2 ,tiu 2 ,t$u 2 ,teu 2 ,t 8 u 2 ,t 7 u 2 ) — BM). 

u—>0 

Proof. The first limit is direct. For the second limit, we follow the same approach as in the proof 
of Proposition ^. 71 Define Q(z) as 

_ d(t 2 zs~? ,t 7 zs~? , fizs? ,t 2 t 7 fis~"s z^;q) 

Q{z) WW) ■ 

Using 1)3. 6fl we obtain the equation 

Q{z) + Qiz' 1 ) = 9(t 2 t 7 /s,t 2 n,t 7 fi;q), 
and hence, as in the proof of Proposition 15. 71 

(t 2 t 7 /u; qUStfa) = 2 an f 2 * 7/ " ; q \°° : ( I t {t u -z)Q{z)- dz 



0(t 2 t 7 /u,t 2 /j,,t 7 fj,;q) J c ' 2niz 
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for an appropriate contour C, where we use the abbreviated notation 

. _i i i i i _i _i. 

t u = (t\U 2 , t 2 U 2 , *3"M 2 ,tiU 2 , *5lt 2 ,tQU 2 ,tjU 2 ,t u S 2 ). 

Taking z as new integration variable we obtain 

/ . , \ a u \ o f S(fiz,t 2 t7fi/z;q) (z/t 1 ,z/t 8 - 1 q) c 



C 8(t 2 H,t r n;q) l\ 6 j=3 (t 3 z:q) oc (t 2 /z,t 7 /z;q) 00 

u (ut^ 1 /z, utg 1 1 'z, qut^ 1 1 Z, quty 1 /z; q)^ dz 



x(l 



z 2 {qu/t 2 tr,q)ooXt j= S3 u l z ^)oo 27riz 



where, for u small enough, we take C to be a it-independent deformation of T seperating the 
decreasing pole sequences *2<z z -° , *7i? z - and tjuq z ^° (j — 3, . . . , 6) of the integrand from the 
decreasing pole sequences t~ 1 q z ^° (j = 3, . . . , 6). The limit u — > can be taken in the resulting 
integral, leading to the desired result. 

To prove the third limit, we set fi = q/t\tjts in the integral expression of Ut{t) = f c , Jf(t; z)j^ 
to remove the contribution (tiz; q) in the denominator of the integrand: 

* J e , e(tit T ,t T t 8 ;q) \ % ) j} 2 (*i^9)oo ( t iz/q,h/z,t 8 z/q,t s /z;q) oo 2mz' 

In the resulting integral the desired limit can be taken directly, leading to the desired result. 
For the fourth limit, one easily verifies that 

inih / 1 i —1 —1 —1 —1 I 1, 

B t (t) = lim UF (t 2 u 2 ,t\u 2 ,t 3 u 2 ,* 4 u 2 , £ 5 u 2 ,t 6 u 2 ,t$u 2 ,t 7 u 2 ) 

for generic t £ 7ii after changing integration variable z to zu^ on the right hand side. □ 

Proposition l5.18l and Corollarv l5 . 9l immediatelv lead to the following three trigonometric integral 
evaluations (of which the first is the well known Askey- Wilson integral evaluation [5J (6.1.4)]). 

Corollary 5.19. For generic parameters t = (t%, t 2 , *3, £4) G C 4 we have 

O^WL dz _ 2(t 1 t 2 t 3 t 4 ;q) oQ 



9(qt 2 t 3 t 4 z;q) ( _ z^\ (z/t 2 , z/t 3 , z/t 4 ;q) ^ dz 



qt\t 2 t 3 t A ;q) V q J (ti/z,tiz/q,t 2 z,t 3 z,t i z;q) oc 2iriz 

(<7*i*2*3*4, 17*2*3, l/*2*4, l/*3*4; q) 



(g,*i*2,*i*3,*i*4;«) 00 

with C (respectively C) a deformation of T separating the sequences tjq z ^° (j — 1,...,4) from 
their reciprocals (respectively separating *ig z ^° from i] -1 ? 2 - 1 ,*^ 1 ? 2 - ,*^ 1 ? 2 - and t A ~ 1 q 1 '^ ). 
For generic /1 G C x and * € C 6 satisfying J\j=i A? = 1 ffie /iaue 

(tit 5 /tiz,z/Li;q) (z/t^q)^ dz _ 1 -q (l/*j* 6 ; g)^ 



c 9(ti/fj,,t 5 /lJ,;q) (t 1 /z,t 2 z,t 3 z,t i z,t 5 /z;q) oc 2iriz (q;q)^ j-J- (titj,tjt 5 ]q 



00 j=2 

with C a deformation o/T separating the pole sequences tiq z ^°, t^q^ from q Z -° :t 3 ~ 1 q z ^° and 
t^q^ . 

Proof. Specializing the degeneration from St to E t in Proposition 15.181 to generic parameters 
* G 7*i under the additional condition t\t 2 — 1 and using the trigonometric Nassrallah-Rahman 
integral evaluation fCorollarv l5.9() leads to the Askey- Wilson integral evaluation with correspond- 
ing parameters (*3, *4,*g,*6)- 

Similarly, specializing the degeneration from Ut to Vt (respectively St to B t ) to generic pa- 
rameters * € Hi under the additional condition *2*3 = 1 (respectively £1*3 — 1) and using the 
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Nassrallah-Rahman integral evaluation we obtain the second (respectively third) integral evalua- 
tion with parameters (t±,t4,t5,te) (respectively [t%, £4, t$, tg, £7, is))- □ 

Various well-known identities are direct consequences of Corollary 15.191 Firstly, analogous to 
the unfolding of the integrals Ut and Vt (see Corollary 15.31 and Lemma r5.16fl . the left hand side of 
the third integral evaluation can be unfolded. We obtain for generic u € C 6 with J2j=i u j = 0' 

(qe(x-ui),qe(x-u 5 ),e(x-u 6 );q) oo e (x) ^ 

(e(x + u 2 ), e(x + u 3 ), e(x + u^q)^ (l - e((u 5 - x)/r)) (l - e((x - ui)/r)) 
_ Thejt^/t^q) (q, l/t 2 U, 1/tste, l/t 4 t 6 ; q)^ 

(e((u 5 - Ui)/t) - l) (tli2,*l<3,M4)*2*5 5 *3*5j*4*6;3)oo 

where r G H + such that q = e(r), where tj = e(uj) (j = 1, ... ,6) and where the integration 
contour C is some translate £ + M (£ G zR) of the real line with a finite number of indentations 
such that C separates the pole sequences — Uj +Z + Z<qt (j = 2, 3, 4) of the integrand from the pole 
sequences U\ + Z> r and u 5 + Z> r. This integral identity is Agarwal's 0, (4.4.6)] trigonometric 
analogue of Barnes' second lemma. 

The left hand side of the second integral evaluation in Corollary 15.191 can be rewritten as a 
unilateral sum by picking up the residues at tiq 1 ^ , cf. Lemma 1531 The resulting identity is 

j. (q^-thq^-qhiMhMhMU 1 \ (*i,l/*2*3,l/<2*4, l/*3*4;«) 
60s _i , _ 1 , , ,, , ,, , ,, ; q, 



y q *ti,-q 3ti,ti/h,ti/t a ,ti/t4 titzbzU) (l/ti*2i3*4,W*2,*i/*3,*i/*4;<?) 00 

for generic t G C 4 satisfying |tii2^3*4 1 > 1, which is the summation formula |5J (2.7.1)]. 

For generic t G C 6 satisfying Yij=i — 1 the left hand side of the third integral evaluation 
in Corollary 15 . 1 91 can be written as a sum of two unilateral series by picking up the poles of the 
integrand at the decreasing sequences tiq z ^° and t 5 q z ^° of poles of the integrand. The resulting 
identity is 



for generic ( £ C 6 satisfying Yij= 1 tj = which is the nonterminating version (2.10.12)] of 
Saalschiitz formula. 

We now return to the three trigonometric hypergeometric integrals E tl B t and Vt- Recall that 
the symmetry group of St and U t is the subgroup W(E 6 ) = W(E^) a + — W(Ej) 71s , which is a 
maximal standard parabolic subgroup of W(Ej) with respect to both bases Ai and A2 of R(Ej) 
(see Section^, with corresponding sub-bases A' : = Ai \ {aj~ 2 } and A' 2 = A 2 \ {ctg 7 } respectively. 
The four limits of Proposition 15.181 now imply that the trigonometric integrals E t , B t and Vt 
have symmetry groups W{E§) a - or W(E 6 )p 127S . The stabilizer subgroup W(E 6 ) a - is a standard 
maximal parabolic subgroup of W(Eq) with respect to both bases Aj or A' 2 , with corresponding 
sub-basis 

A(D 5 ) = Ai \ {afj = A^ \ {a w } 
and with corresponding Dynkin sub-diagrams 

"32 "43 "54 "65 "76 "l8 /35678 "45 "34 "23 
a o o • 



5 



/?1234 

respectively. Similarly, W(Ee)p 127S is a standard maximal parabolic subgroup of W(Eq) with 
respect to the basis A' 2 , with corresponding sub-basis 

A'(A0 - \ {"23} 

and with corresponding Dynkin sub-diagram 
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a 56 

We write 

W(D 5 ) = W(E 6 ) a - g , W'(D 5 ) = W{E 6 ) 0l278 

for the corresponding isotropy group, which are both isomorphic to the Weyl group of type -D5. 

The isotropy group W(D^) acts on (C x ) 6 /C2: the simple reflections corresponding to roots of 
the form a~- € A(Dc,) act by permuting the ith and jth coordinate, while w acts by 

w(±i) = ±(s*i, St2, st 3 , st4,t 5 /s,t 6 / s) , s 2 = l/ht 2 t 3 t4. 

With this action, the degenerations to E t and Vt in Proposition l5. 181 are T / K(Z?5)-equivariant in an 
obvious sense. 

We can now directly compute the W-^Z^-symmetries of the trigonometric integrals E t and V t , 
as well as W^' (/^-symmetries of B t , by taking limits of the corresponding symmetries for St and 
Ut using Proposition l5.18l This yields the following result. 

Proposition 5.20. a) The trigonometric hypergeometric integrals E t (t) andVt(t) (t G (C x ) 6 /C2) 
are invariant under permutations of (i2, . . . , t§). Furthermore, 

(l/iii 2 , l/iii3, 1/M4, tit 2 t 3 t4t 5 t 6 ; q)^ 



E t (t)=E t (wt) 
V t (t) = V t (wt) 



(£2*3, ^4, ^3*4, t5t&] 9)00 
(l/t 2 t 3 ,l/t 2 U,l/t 3 U,l/t 5 t 6 ;q) c 



(t\t 2 , t\t 3 ,tit4, l/tit 2 t 3 t4tc > tQ- : q)^ 
as meromorphic functions in t £ (C x ) 6 /C2- 

b) The trigonometric Barnes integral B t (t) (t £ FLi) is invariant under permutations of the pairs 
(ti,ta), {t 2 ,ti) and of (t 3 ,t4,t$,t§). Furthermore, 

B t (t) = B t {wt) , 20 

as meromorphic functions int € 7ii. 

Remark 5.21. The w-symmetry of Vt, rewritten in series form using Lemma 15.171 gives the trans- 
formation formula jSJ (2.10.1)] for very-well-poised 807 basic hypergeometric series. 

Similarly as in the hyperbolic theory, the w-symmetry of Et generalizes to the following integral 
transformation formula for the trigonometric Euler integral Et. 

Proposition 5.22. For t E (C x ) 6 and s S C x satisfying 

\t 2 \,\t 3 \,\t4\,\s\,\t 5 / S \,\t 6 /s\ < 1 

we have 

E t (h,t 2 ,t 3 ,t4, SX, SX )j— —————— — _ t . /s 2. ) : ' ■ ' ' ' ^ 

Proof. The proof is similar to the hyperbolic case (sec Proposition I4.1$|) . now using the double 
integral 

(z ±2 ,z ±1 /t 1 ,x ±2 ; g ) oo rf z dx 

□ 

Specializing s 2 — l/tit 2 t 3 t4 in Proposition l5.22l and using the trigonometric Nassrallah- Rahman 
integral (see Corollary 15. 19(1 . we re-obtain the w-symmetry of E t (see Proposition 15 . 20|) . 
The three trigonometric integrals E tl B t and Vt are interconnected as follows. 
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Proposition 5.23. We have 



(l/titfi, l/*s*6; q) , s 

B t {t) = TT7 ' I //! ; —\ Vt (*7/ S = *3S, *4*, *5*, *s/s) , 

^213, *2i4, 1215, 9)^ 
(l/tita.l/tit^l/tiiB.l/tetsjg)^ 

- £/ t (i 8 /«, *7/V, t3«, *4«, *5U, h/v) , 



(*2*6, *7*6 5 (?) 



00 

os meromorphic functions in t g 7ii, where s 2 — tit^tjt^ = l/i 2 t3i4i5 fl^d ^ 2 = *2*6*7^8 = 

1/*1*3*4*5- 

Proof. This follows by combining Proposition 15 . 1 21 and Proposition ^. 181 Concretely, to relate -Bt 
and Vt one computes for generic t s 7ii and with s 2 = l/i2*3*4*5, 

B t (t) = lim^^/w;?),^ 5* (tiu~$ , t 2 u~5 ( £ 3U 2 ; £ 4U 2 ; £ 5U s ; t 6lL h ) t 7lt -T ( t gU -T) 
(l/titejl/tgie;?)-, 



(*2*3,*2*4,*2*5>*6*75 9) ^ 



lim (t 2 tr/u; q) U t (t 7 /s, t 3 s, t 4 s, t 5 s, ti/s, t s / s, t 2 s/u, t 6 u/s) 

a— >0 00 

(*7/s, *3S, *4S, i 5 S, *l/s, *g/s) , 



(*2*3, *2*4, *2*5, *6*75 <z) 

where the first and third equality follows from Proposition 15.181 and the second equality follows 
from Proposition 15. 12( To relate B t and E t , we first note that Proposition 15. 12| is equivalent to 
the identity 

^ir\ ttM ( 1 /^ 7 'g)o o n2<j<fc<5( 1 /*i*fc;g)o c /. , , , , , , , , , . M 

(5.16) t/t(t) = , -=f ~ r St(t 6 /s 1 t 2 s,t 3 s,t4S,t 5 s,t 1 /s,ts/s,t 7 /s), 

[tits/q, tit e , t s i6, tit?, t 8 £7; 

where i €E 7ii and s 2 = l/i2*3*4*5' For generic i € 7ii and with w 2 = l/tit^t^ we then compute 
£>t(*J = lim (7( U 2 w 2 , t\u 2 ,t 3 u 2 ,t4U 2 ,t§u 2 ,teu 2 ,tgu 2 ,t 7 u 2 ) 

u— >0 

(l/tii 3 , l/*i*4,l/*i*5, l/*6*8;9) 



(*2*6,*7*e;g) 00 

(l/tlt 3 , 1/*1*4,1/*1*5, 17*6*85 9 



lim St(tg/v, t?/v, t 3 v, t^v, t$v, t 2 /v, t\vu, te/vu) 
E t (tg/v, t 7 /v, t 3 v, Uv, t 5 v, t 2 /v) , 



(*2*6, *7*65 q)^ 

where the first and third equality follows from Proposition 15.181 and the second equality follows 
from (OBI). □ 



Remark 5.24. a) Combining the interconnection between E t and V t from Proposition 15 . 23l with 
the expression of Vt as very-well-poised 807 series from Lemma 15 . 1 71 yields the Nassrallah-Rahman 
integral representation |SJ (6.3.7)]. 

b) Similarly, combining the interconnection between B t and Vt from Proposition l5 . 23l with their 
series expressions from Lemma f5 . 1 71 yields the expression (2.10.10)] of a very-well-poised 807 
series as a sum of two balanced 4^3 series. 

Degenerating the contiguous relations of St using Proposition 15 . 1 81 leads directly to contiguous 
relations for Et, Bt and Vt. For instance, we obtain 

Proposition 5.25. We have 

A(t)E t (t 1 ,t 2 ,t 3 ,qt i ,t 5 /q,te) + (U^t 5 ) = B(t)E t {t) 

as meromorphic functions in t G (C x ) 6 /C2, where 

A(f] _ (i-irkX 1 -^ 1 -^ 1 -^) 

W *.(! -&)(!-£) ' 

Bit) = - t 2 t 3 t 6 + ^A(t) + ^A(s 45 t). 

1114I5 £5 M 
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Proof. Substitute t — (ti, t 2 , t 3 , t^, t^, tyu, tg, tg/u) with Oj=i *j = 1 in l|5.11|l and take the limit 
u -> 0. □ 

For later purposes, we also formulate the corresponding result for B t (t). We substitute t — 
(tiu~2,t?u~2 1 t 3 u2,t4U2,t 5 u2 1 t2U~2,t e uz 1 tg,u~2^ for generic t £ C 8 satisfying rij_i*j = 1 m 
(|5.11|) . multiply the resulting equation by ui (t 2 tj /u; q) , and take the limit u — > 0. We arrive at 

(5.17) a{t)B t {t u t 2 , t 3 , qt 4 , t 5 /q, t 6 , t 7 , t 8 ) + (t 4 «-» t 5 ) = 0(t)B t (t), t G Hi, 

where 

_ V *lt5/V <? / V g /V *5«8 / 



f 1 — < i ) f 1 — * 2 * 4 ) 

/3(f) = t 7 (l - t 2 t 3 )(l - t 2 t 6 ) + ^ _ tlC^ it) + JYZ t 2 q t 5 ) aiH5t) - 

The degeneration of (|5.12() yields Bailey's [SJ (2.11.1)] three term transformation formula for 
very-well-poised 8</>7's: 

Proposition 5.26. We have 

6 an % ,q } E t {h/q, qt ± , t 2 ,t 4 , t 5 ,t 6 ) + (t 2 «-» i 3 ) = E t {t). 
6(t 3 t 2 ;q) 

Proof. Consider l|5.12l) with t\ and t s , t 2 and £7, and t 3 and tg interchanged. Subsequently 
substitute the parameters (ti,t 2 ,t 3 ,t4,,t5,te,t7U,ts/u) with J^J - =1 tj = 1 and take the limit u — > 
0. □ 

5.5. The Askey- Wilson function. In this subsection we relate the trigonometric hypergeomet- 
ric integrals with D 5 symmetry to the nonpolynomial eigenfunction of the Askey- Wilson second 
order difference operator, known as the Askey- Wilson function. The Askey- Wilson function is the 
trigonometric analog of Ruijsenaars' i?-function, and is closely related to harmonic analysis on the 
quantum SU(1,1) group. 

As for the -R-function, we introduce the Askey- Wilson function in terms of the trigonometric 
Barnes integral Bt . Besides the usual Askey- Wilson parameters we also use logarithmic variables 
in order to make the connection to the R- function more transparent. We write the base q G C x 
with \q\ < 1 as q = e(u)\/uj 2 ) with r = u>x/u) 2 € H + and e(x) = exp(2irix) as before. From the 
previous subsection it follows that the parameter space of B t (t) is Hi/C x e(/3i27s). In logarithmic 
coordinates, this relates to Go/CPins. We identify <7o/C/3i278 with C 6 by assigning to the six-tuple 
(7, x, A) = (70, 71, 72, 73, A, x) the class in <? /C/3i 2 78 represented by u = (tt x , . . . , u 8 ) G Q with 

ui = (-70 - 71 - 2cj)/u2, u 2 = 0, 

U3 = (70 + w - iX)/uj 2 , u 4 = (j +uj -ix)/u 2 , 

(5.18) . . . . 

U5 — (70 + W + ix)/0J2, U6 — (70 + w + i\)/u2, 

U 7 = (-70 - 73) /w 2 , "8 = (-70 - 72 - 2cj)/w 2 , 

where cu — h(u!i+w 2 ) as before. We define the corresponding six-tuple of Askey- Wilson parameters 
(a,b,c,d,n,z) by 

(a,b,c,d) = (e((7o + v)/u 2 ), e((7i + w)/w 2 ), e((7 2 + w)/w 2 ), e(7 3 + w)/u; 2 )) ) 

(5.19) . 

(^,z) = (e(-iA/w 2 ),e(-ia;/w2)). 

The four-tuple (a, 6, c, d) represents the four parameter freedom in the Askey- Wilson theory, while 
z (respectively fi) plays the role of geometric (respectively spectral) parameter. Furthermore, we 
define the dual Askey- Wilson parameters by 

(a,b,c,d) = (e((7o + w)/w 2 ),e((7i + u) / u 2 ) , e((j 2 + u))/u 2 ), e((% + u)/u) 2 )) , 
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with 7 the dual parameters defined by l|4.28[l . We furthermore associate to the logarithmic pa- 
rameters u £ Qo (see (|5 . ^ the parameters t = ipo(2iriu) £ Hi, so that 

(5.20) t — ipo(2iriu) = (l/ab,l,afj,,az,a/z,a/(i,q/ad,l/ac\ 
We define the Askey- Wilson function ^(7; x, A) = <fi(j; x, A; uii , UJ2) by 

(5.21) m; x,A) = (g ' M3 '^ 4 'f 5 ^ 2t6;g) - ^ W 

with t = i/jo(2iriu) £ Hi and u given by (|5.18|l . Note the similarity to the definition of Ruijsenaars' 
R- function, see (|4.26|) . 

From the series expansion of B t as sum of two balanced 403, we have in terms of Askey- Wilson 
parameters (J5.19JI . 

(qb/ d, qc/ d, a^ ±1 , az ±x ; q) ^ f qz^ / d, qa^ 1 / ad _ 
+ (ad/q, qa^ 1 /ad, qz± l /d; q) ^ \ <?l ad > ib/d, qc/d ' 9 ' 9 

which shows that 0(7; x, A) is, up to a (z, 7)-independent rescaling factor, the Askey- Wilson func- 
tion as defined in e.g. |11| . 

We now re-derive several fundamental properties of the Askey- Wilson function using the results 
of the previous subsection. Comparing the symmetries of the Askey- Wilson function 0(7; x, A) to 
the symmetries of the R- function fProposition l4. 1ST) , we have a broken symmetry in the parameters 
7 is broken (from the Weyl group of type D4 to the Weyl group of type D3). The most important 
symmetry (self-duality) is also valid for the Askey- Wilson function and has played a fundamental 
role in the study of the associated generalized Fourier transform (see JI]). Self-duality of the 
Askey- Wilson function has a natural interpretation in terms of Cherednik's theory on double 
affine Hecke algebras, see Concretely, the symmetries of the Askey- Wilson function are as 

follows. 

Proposition 5.27. The Askey- Wilson function 0(7; x, A) is even in x and A and is self-dual, 

0(7; x, A) = 0(7; -x, A) = 0(7; x, -A) = 0(7; A, x). 

Furthermore, 0(7; x, A) has a W (Dz)- symmetry in the parameters 7, given by 

,/ .s (e((-73 + w±*'A)/w 2 ); (? ) 00 

0(71,70,72,73;^ A) = -7-— — ; rrr , — r^; — 0(7; x, A), 

(e((72 + u)±l\)/u 2 );q) oo 

0(7o, 72, 7i, 735 x, A) = 0(7; x, A), 

.s (e((-73+w±ix)/w 2 );'?) 0O 
WO, 71) -73, -725 X, A) = —j—Tj ; . r— r 4>{l\X, A). 

(e((72 + w±ix)/w 2 );g) 



Proof. Similarly as for the i?- function (see Proposition ^. 18(1 . the symmetries of the Askey- Wilson 
function correspond to the W r (£*5)-symmetries of Bt. Alternatively, all symmetries follow trivially 
from the series expansion H5.22|l of the Askey- Wilson function, besides its symmetry with respect 
to 70 <-> 71 and 72 <-> —73. These two symmetry relations are equivalent under duality, since 

(7i,7o,72,73) = (7o,7i,-73,-72), 

so we only discuss the symmetry with respect to 70 <-> 71. By Proposition 15.2(11 we have, with 
parameters t given by l|5.2()|l and (|5.18(l . 

(?»e((7i +w±ix)/w 2 ),e((7o + u ±i\)/u 2 );q) 
0(7i, 7o, 72, 735 x, A) = B t {ws 35 t) 

= (e((-73 + ^±^A)M);g) 00 ^ 
(e((7a +aj±iX)/uj 2 );q) oo 
as desired. □ 



38 



F.J. VAN DE BULT, E.M. RAINS, AND J.V. STOKMAN 



Next we show that the Askey- Wilson function satisfies the same Askey- Wilson second order 
difference equation (with step-size iuj\) as Ruijsenaars' R- function, a result which has previously 
been derived from detailed studies of the associated Askey- Wilson polynomials in 9 , cf. also . 

Lemma 5.28. The Askey-Wilson function ^(7; x, A) satisfies the second order difference equation 
A(7;x; wi, w 2 )(0(7; a; + iuj i, A; u>i, u 2 ) - (j>{l\x, A; uji, uj 2 )) + (x <-> -x) 

= B(r,X;cjx,uj2)(p(r,x,X;uJi,0J2), 

where A and B are given by 

IlLo sinh(7r(iw + x + ijj)/u 2 ) 

j4(7;x;wi,w 2 ) = ; r 77. / — n ■ r 77, T- — i — w — \' 

smh(27ra;/cJ2j smh(27r(icj + x)/uj 2 ) 

B(-j; A; u>i, co 2 ) = sinh(7r(A — iuj — i%)/u) 2 ) sinh(7r(A + iui + ijo)/^)- 

Proof. Specialize the parameters according to i|5.2U[) and (|5.18|) in (|5.17H . Subsequently express 
B t (t), B t (T45t) and Bt(T^4t) in terms of 0(7; x, A), ^(7; x + iuii, A) and 0(7; x — iu>i, A) respectively. 
The resulting equation is the desired difference equation. □ 

Remark 5.29. Denoting <&(z; fi) — $(a, b, c, d; z, /i) for the Askey-Wilson function in the usual 
Askey-Wilson parameters, Lcmma l5.28l becomes the Askey-Wilson second order difference equation 

A(z)[*(qz, (i) - $(z, (i)) + A{z- 1 ){^{z/q, fi) - $(z, ^)) = (0(7 + 7 _1 ) ~ 1 - a 2 )<S>{z, M ), 

where 

_ (1 - az)(l - bz){l - cz)(l - dz) 
^ ~ (l- 9 z 2 )(l-z 2 ) 

and a — e((% + uj)/uj 2 ). 

We have now seen that the i?-function i?(7; x, A; u>\, w 2 ) as well as the Askey-Wilson function 
</>(7; x, A; loi, u> 2 ) are solutions to the eigenvalue problem 

(5.23) £^f = B( T ,\;cJx,L0 2 )f 

for the Askey-Wilson second order difference operator C" 1 ^ 2 (I4.3U|) with step-size uj\ . These two 
solutions have essentially different behaviour in the iw 2 -step direction: the Askey-Wilson function 
0(7; x, A) is iW2-periodic, while the i?-function R{^; x, A) is u>i <-» lu 2 invariant (hence is also an 
eigenfunction of the Askey-Wilson second order difference operator C^ 2,UJl with step-size iui 2 , with 
eigenvalue #(7; X;u> 2 ,u>x)). On the other hand, note that r = —lj 2 /uji £ H + and that 

A(j; x; u 2 ,u>i) = A(-j; -x; -w 2 , uji), B(j; A; w 2 > u>i) = B(-j; A; -u> 2 , u>i) 

with —7 = (—70, —71, —72, —73), so that the Askey-Wilson function <p(— 7; x, A; — lu 2 , uii) (with 
associated modular inverted base q — c(—uj 2 /uji)) does satisfy the Askey-Wilson second order 
difference equation 

(5.24) (£^' w ^(-7; •,A;-cJ2,wi))(x)=B( 7 ;A;w 2) a; 1 )^(-7;x ) A;-a; 2) a; 1 ), 

cf. |271 §6.6]. In the next section we match the hyperbolic theory to the trigonometric theory, 
which in particular entails an explicit expression of the i?-function in terms of products of Askey- 
Wilson functions in base q and base q. 

Note furthermore that Proposition 15 . 271 hints at the fact that the solution space to the Askey- 
Wilson eigenvalue problem (|5.23l) admits a natural twisted T4 A (Z?4)-action on the parameters 7. In 
fact, the solution space to l|5.23|) is invariant under permutations of (70,71,72,73). Furthermore, 
a straightforward computation shows that 

5(7; -T 1 °£7'" 2 °9(r, ■) = £ ( J 7om,-73,-72) +- B (7;A;cJi,w 2 ) - B{j , 71, -73, - 72 ; A; u u lu 2 ) 
for the gauge factor 

(e(( 72 +uj±ix)/uj 2 )-q) oo 



5(7; x) 



(e((-73 + w±«c)/o> 2 );g) t 
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which implies that for a given solution -F\(7Qj71i ~~ 73 > — 72 5 ■ ) to the eigenvalue probem 

tfrm%-73,-~<*)f = s (7o,7i,-73,-72;A;wi,w 2 )/, 

we obtain a solution 

F x {r,x) := g(7;a;)F A (7o,7i,-73,-72;a;) 

to the eigenvalue problem H5.23|) . A similar observation forms the starting point of Ruijsenaars' 
[2Hj analysis of the ^(Z^-symmetries of the R- function (see also Section l4~6l) . 

Remark 5.30. A convenient way to formalize the VF(D4)-symmetries of the eigenvalue problem 
(|5.23|1 (in the present trigonometric setting) is by interpreting iw 2 -periodic solutions to (|5.23|1 . 
depending meromorphically on (7, a;, A), as defining a sub- vector bundle r (wi,cj 2 ) of the mero- 
morphic vectorbundle T (u)\,u>2) over 

X = (C/Zlj 2 ) 4 x C/(Ziwi + Ziu 2 ) x C/Ziuj 2 

consisting of meromorphic functions in (7, a;, A) £ (C/Zlj 2 ) 4 x C/Zmj 2 x C/Ziw 2 . The above 
analysis can now equivalently be reformulated as the following property of r°(wi,w 2 ): the sub- 
vectorbundle r°(cJi,w 2 ) is (/^-invariant with respect to the twisted W^D^-action 

(5.25) (a-f)( T ,x,X) :=V;( 7 ;a:,A)- 1 /(^ 1 7;^,A), a £ W(D 4 ) 

on r°(wi, w 2 ), where V a (-f; x, A) = /i(ct _1 7; x, X)/h(-f; x, A) (a £ W{Di)) is the 1-coboundary with 

Kl'i x , A) = h(r, x, A; wi, oj 2 ) e.g. given by 

(5.26) 

, \ QjAbs -Jo +ix)/uj 2 );q) , , x 

h{r, x, A; wi, w 2 ) = — — — — - —3 — — — — — — £ Toiu)!, w 2 ) , 

6{e((u - 73 - «x)/u; 2 ); q) ll i=0 (e((w - 7,- + ix)/w 2 ); g)^ 

and where W(-D4) acts on the 7 parameters by permutations and even sign changes. By a straight- 
forward analysis using Casorati-determinants and the asymptotically free solutions to the eigen- 
value problem (|5.23() . one can furthermore show that T°(lj\,u!2) is a (trivial) meromorphic vector- 
bundle over X of rank two (compare with the general theory on difference equations in [12]). 

We end this subsection by expressing the Askey- Wilson function ^(7; x, A) in terms of the 
trigonometric integrals E t and Vt using Proposition 15.231 Note its close resemblance with the 
hyperbolic case, cf. Theorem 14.211 

Lemma 5.31. a) We have 

(959)00 ( e ((7o + w - «A)/w 2 ),e((7i +uj + iX)/uj 2 ),e((j 2 + u + iA)/w 2 ); 9)^ 



0(7; x, A) 



2 (e((-73 + ^-«A)/w 2 );g) c 

IlLo( e ((7j + w±«x)/o; 2 );g) c 



(e((-73 +w±zx)/w 2 );5) c 



l Et(t) 



with 



. ,, 3w 70 *A w 70 «A 

*i = e (( — 2" + 73 ~ y + y''^ 2 ^ = "2 72 ~ y y)/ W2 - ) ' 

^ ^ w , 7o . «A w 70 iA 

f 3 = e((- + 71 - — + —)/ui2), ti = e((- + 70 - — + — )/w 2 ), 



2 ' 2 2 /; " vv 2 '22 

, //W . 7o . . iA w 70 iA 

ts = e((- + y + zx - y )/w 2 ), i 6 = e((- + y - IX - — )/w 2 ) 



b) We have 

,s (9;9)oo (e((7o+^ + «A)/w 2 ),e((7i+w-iA)/tj 2 ),e((7 2 +w-iA)/cj 2 );g) oo 

0(7; X, A) = ; — ■ — — — — 14 (i) 

2 (e((-73 +w + zA)/w 2 );g) oo 
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with 

, ,,3w % iX uj 70 «A 

h = e((— - 73 + y - y)M), h = e((- - - 72 + y - y)M), 

, // w 70 w 70 

*3 = e((- - - 7i + y - y)M0, U = e ((-^ ~ 7o + y - y)M), 

. a ^ 7o . . . «A cj 70 . *A 

*5 = e((- - - — +IX+ —)/U)2h t 6 = e((-- - y - M + y)/W 2 ). 

Proof, a) We use Proposition 15.271 to rewrite 0(752;, A) in terms of ^(70, 71, —73, —72; —A). 
Subsequently we use the defining expression of ^(70, 71, —73, —72; x, —A) to obtain 

(g,e(( 7 i +£j±iA)/w 2 ),e((7o + u ± w:)/lj 2 ), e(( 72 + w ± ix)/w 2 ); <?) 

0(7; », A) = r—r sa Bt (0 

2(e((-73 + w ± ix)/u) 2 ); q) x 

with 

£ = (e((— 70 - 71 ~ 2w)/w 2 ), l,e((7i + w + i\)/ui 2 ), e((7o + w - ix)/cu 2 ), e((jo + u + ix)/uj 2 ), 

e((7i + w - iA)/o; 2 ),e((7 2 - 7o)/w 2 ), e((7 3 - 70 - 2w)/w 2 )). 

With this specific ordered set £ of parameters we apply Proposition l5.23l to rewrite B t (£,) in terms 
of E t , which results in the desired identity. 

b) This follows from applying Proposition 15. 231 directly to the definition Ij5.21|) of (j)(j;x,X). □ 

Using the expression of the Askey- Wilson function in terms of Vt and using Lemma |5. 171 we 
thus obtain an expression of the Askey- Wilson function as very-well-poised 807 series. 

6. Hyperbolic versus trigonometric theory 

6.1. Hyperbolic versus trigonometric gamma functions. We fix throughout this section 
periods (Ji,u 2 £ C with 3?(wi) > 0, 5i(w 2 ) > and r = toi/ws S H + . We set 

q = guii,o> 2 = e(wi/w 2 ), q = q Ul ,u 2 = e(—uj 2 /ui) 

where e(x) — exp(27ria;) as before, so that \q\, \q\ < 1. 
Shintani's |50] product expansion is 

n( v / 1 ,wi waA / a: 2 \ (e((tx + o;)/^ 2 ); g) 

(6.1) G(wi,w 2 ;x) = e - — ( 1 ) e -7-— r- — r—^r — , 

V 48 y u) 2 ui'J V 4wiw 2 y (e((zx-w)/wi);5) oo 

where uj = \{u>i + u> 2 ) as before. For a proof of l|6.1ll . see Prop. A.l]. In other words, the 
product expansion 16.1|l expresses the hyperbolic gamma function as a quotient of two trigonomet- 
ric gamma functions (one in base q, the other in the modular inverted base q). In this section we 
explicitly write the base-dependence; e.g. we write St(t;q) (t £ Hi) to denote the trigonometric 
hypergeometric function St(t) in base q. 

6.2. Hyperbolic versus trigonometric hypergeometric integrals. We explore (|6.1(l to relate 
the hyperbolic integrals to their trigonometric analogs. We start with the hyperbolic hypergeo- 
metric function Sh(u) (it £ Q 2 i U )- For u £ Q 2 i U we write 

(6.2) tj — e((iuj + lu)/uj 2 ), tj = e{[iUj — u))/uJ\), j = l,...,8. 
Observe that Ylj=i tj = ? 2 an< ^ Tlj=i tj = q 6 - 

Theorem 6.1. As meromorphic functions of u £ G 2 iui we have 
(6.3) 

5 r~ ~ ~\ 

S h (u) = Lu 2 e((2Lu 2 + J2u*-u 2 6 + i4- u 2 s )/2u; 1 u J2 ) [q,qiq,oc 



3=1 

9(t 7 /t 6 ;q) 
(us «-> u 7 ), 



Ut(q* /ts,q* Ai, • ■ ■ ,q* /t 6 ,q* /t7;q)S t (t6/q,ti, . . . ,t 5 ,t 7 ,tg/q;q) 
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with the parameters tj and tj given by l|6.2[l ■ 

Proof. We put several additional conditions on the parameters, which can later be removed by 
analytic continuity. We assume that u>\,— lo 2 S H + and that $t(iui) < 0. We furthermore choose 
parameters u G Qn^, satisfying Ji(itj — ito) > and Q(v.j — ito) < for j = 1, . . . , 8. Then 



s h (u) = 1 dx 



24^uj 2 v\ 



8 r ~ 

{{lo 2 +Y, u ])/ 2lj ^) J W(x)W{x)dx, 



where 



W(x) 



(e(±2ix/w 2 );q) 



n i =i(^ e ( ± ^M);g) 00 

Yl]=i{'tje{±ix/uJi)\q) c 



W(x) = e(2x 2 /aj 1 aj 2 ) 



(qe(±2ix/uj 1 )- 1 q) oo 

by (|6.1I) . Using Cauchy's Theorem and elementary asymptotic estimates of the integrand, we 
may rotate the integration contour M to iu^K. Since the factor W(x) is «tt>2-periodic, we can fold 
the resulting integral, interchange summation and integration by Fubini's Theorem, to obtain the 
expression 

Sh(u) =e\J i Q + g)J e((c 2 +J2u 2 )/2u; 1 u, 2 ) | W(x)F(x)dx, 

where 

00 

F(x) = W(x + miuj 2 ) 



n— — oo 



\ e{ix/LUi), —eiix/uji), {tje(ix/uji)\° =1 

At this stage we have to resort to J5, (5.6.3)], which expresses a very- well-poised ioV'io bilateral 
series as a sum of three very-well-poised 10^9 unilateral series. This results in the formula 

F(x) — e(2x 2 /uiiUJ2)0(t(ie(±ix/uJi),tTe(±ix/LUi);q) 

x, SlMkil^^ ioW 8 (S a /^;{5 B /r^}3- 1 ;g,S) 
{^/Ut^/t^M/hMlti^/tlq)^ 9{q ' s,xq ' 3 8T ^ q ' q ) 

+ (u s ;u 6l u 7 ), 

where (ms;w6,U7) means cyclic permutation of the parameters (its, 1*6, "7)- Note that the w4>9 
series in the expression of F(x) are independent of x. Combining Jacobi's inversion formula, the 
Jacobi triple product identity and the modularity 

(6-4) F^ = ^ e (4(- + - 

of Dcdekind's eta function, we obtain 

(6.5) 0(e(uM);5) = e f-^(^ + e((u +o;) 2 /2o;xa; 2 )e(e(-nM);9) 

for the rescaled Jacobi theta function #(•), see e.g. [5] or [37]. As a result, we can rewrite the 
theta functions in the expression of F(x) as theta functions in base q, 

e(2x 2 /ui 1 ui2)0(t 6 e(±ix/uj 1 ),t 7 e{±ix/uJi);q) = e ( ~(— + — ) ) e(-(ug + u^/u^u^) 

x 0(qe(±ix/v 2 )/t 6 ,qe(±ix/v 2 )/t 7 ;q). 
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iu> 2 

Sh(u) = C(u 8 ;u 6 ,u 7 ) I 9(qe(±ix/ui 2 )/t 6 , qe(±ix/ui 2 )/t 7 ; q)W(x)dx + (u 8 ;u e ,u 7 ) 



o 



We thus obtain the expression 
(6.6) 

= iuj 2 C(u 8 ;u 6 ,u 7 )St(t 6 /q,t 1 , . . . ,t 5 ,t$,t 7 /q;q) + (u 8 ;u 6 ,u 7 ), 
where we have used that \tj\ < 1 for j = 1, . . . , 6, with 

C(u s ;u 6 ,u 7 ) = e + e + ~ u e ~ u 7 + ul)/2ui 1 ui 2 

(tp/hta, cp/trts, t 8 /t 6 , t s /h, cp/t^q}^ n " ' 8 ' W 1 3 * J >-^ q > 

We thus have obtained an expression of Sh(u) as a sum of three trigonometric hypergeometric 
functions St in base q, with coefficients expressed as very-well-poised lo^g series in base q. The 
next step is to use a three term transformation for St to write Sh (it) as a sum of two trigonometric 
hypergeometric functions St in base q, with coefficients now being a sum of two very-well-poised 
1009 series. 

Concretely, we consider the contiguous relation 1(3.8(1 for S e with p «-> q and with parameters 
specialized to (ti, . . . , t^,ptQ,pt 7 , t 8 ). Taking the limit p — > leads to the three term transformation 

(6.7) 

St(t 6 /q,t u . . . ,t 5 ,t s ,t 7 /q;q) = ^TTT^l TT ^ ^ 6 ' g S t (tr/q,h, . . . ,t 6 ,t s /q; q) + (u 6 <-> u 7 ) 

V{t 7 /t 6 ;q) " ^(tjt^q) 

for S* t . Rewriting the coefficients in (|6.7|) in base q using the Jacobi inversion formula (|6.5|l . 

0{t 7 /t s ;q) * ejtjt^q) _ , e(t 8 /t 7 -q) ^(^g) 

6(t 7 /t 6 - q) 1 = 1 %i 8 ; (?) eUM6 " 8 0(i 6 /t 7 ; §) f \ 0{<? fat* q) 

and using the resulting three term transformation in 1)6.6(1 . we obtain 

S h (u) = D(u 6 ,u 7 )St(t 7 /q,ti, . . . ,t 6 ,t$/q;q) + (u e <-► u 7 ) 

with 

' 9(q> ftfcq) 



nf \ ■ ( (( 2 2w ^ S(t 8 /t 7 ,q) 1 f 

V 6(t 6 /t 7 ;q) f_* 



(cp /tjt s ;q) 



C(u 8 ;u 6l u 7 ) + C(u 6 ; u 7 , u 8 ) 



The coefficient D(ue,u 7 ) is a sum of two very-well-poised io</>9 series in base q, which can be 
expressed in terms of the trigonometric integral Ut (in base q) by direct computations using 
Lemma f5. 51 This yields the desired result. □ 

Remark 6.2. i) Note that the W^E^-symmetry of the trigonometric integrals St and Ut is up- 
graded to a iy(£ , 7)-symmetry in Theorem [O] since the second term in the right hand side of (|6.3|l 
is the first term with the role of uq and u 7 interchanged. 

ii) Specializing the parameters in Theorem 16. II to u S G 2 iu with u\ = —uq (so that t\t§ = q 
and t\t§ = q), the left hand side of the identity can be evaluated by the hyperbolic Nassrallah- 
Rahman integral evaluation 1(4.5(1 . For the right hand of the identity, the second term vanishes 
because 0(tit e /q;q) = under the particular parameter specialization. The remaining product of 
two trigonometric integrals can be evaluated by Corollary 15. 91 The equality of both sides of the 
resulting identity can be reconfirmed using ((6.1(1 and 1(6.41) . It follows from this argument that 
the evaluation of the hyperbolic Nassrallah-Rahman integral is in fact a consequence of fusing 
trigonometric identities, an approach to hyperbolic beta integrals which was analyzed in detail in 

E2 

(iii) More generally, specializing 1(6.3(1 at generic u £ Q 2 iuj satisfying ui + uq = niuji + miw 2 
(n,m 6 Z>o), the second term on the right hand side of 1(6.3(1 still vanishes while the first term 
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reduces to the product of two terminating very- well-poised io4>9 series, one in base q and the other 
in base q. The terminating w4>9 series is Rahman's |2(J) biorthogonal rational 10^9 function (cf. 
Remark 15 . 1 3 If . while the resulting expression for Sh is the corresponding two-index hyperbolic 
analogue of Rahman's biorthogonal rational function, considered by Spiridonov [331 §8-3] (cf. 
Remark 13. II on the elliptic level). 



Corollary 6.3. We have 



E h (u) = u) 2 e 



9, £ 5)^^=1 0(^6/9; 9) qi q h qi ( t 5 , 



2 0(t 6 /*5;«) V *e ii is ' 'g 

as meromorphic functions in u £ C 6 , where tj = e((iuj + w)/a; 2 ) a^d % = e((mj — ui)/u>i) 
(j = 1, . . . , 6) as before. 



Proof. For generic u € £/2iw we have 

£yj(u 2 , ■ ■ ■ ,W7j = bm 6/,(tti + s,u 2 , . . . ,it 7 ,u 8 - s)e 

y ZLO1LO2 

under suitable parameter restraints by Proposition 14.81 By Theorem 16. II we alternatively have 

'(us -u%- 2s) (ui + us) 



lim Sh(ui + s,U2, ■ ■ ■ ,u 7 ,u & - s)e 



lim w 2 e 

s — >oo 




20l>iCl>2 

J2 j=2 u2 ]- u l + u 7\ (g, g; g) ^ 0(tit 7 u/q; g) U j= 2 ofjfi/q; g) 



2uoiuo2 J 2 0(t 7 /t 6 ;q) 

x U t (qi/t 7 , q*/h, ■ ■ • /*6,g 3 /tiu,q^u/t & ;q)S t (t e /q,t2, . . . ,t 5 ,t 7 ,tiu,t s /qu;q) 
+ (u e <-> u 7 ) 

where it = e(is/aj 2 ) and u = e[is/ui\) . We have u, u — > as s — > 00 since 5ft(wi), 5R(oj2) > 0, hence 
application of Proposition l5 . 1 81 gives the right hand side of the desired identity with respect to the 
parameters (it 2 , ■ ■ ■ , u 7 ). □ 



Remark 6.4. Alternatively Corollary 16.31 can be proved by repeating the arguments of Theorem 
16.11 The argument simplifies, since one now only needs the expression 5, (5.6.1)] of a very-well- 
poised sips as a sum of two very-well-poised 807 series, and one does not need to use three term 
transformations for the trigonometric integrals. 

We conclude this section by relating the i?-function to the Askey- Wilson function using Corol- 
lary 16.31 The answer deviates from Ruijsenaars' |27l §6.6] hunch that R is (up to an elliptic 
prefactor) the product of an Askey- Wilson function in base q and an Askey- Wilson function in 
base q: it is the appearance below of two such terms which upgrades the W / (Z?3)-symmetry of 
the Askey- Wilson functions to the V(^(D4)-symmetry of R (cf. Remark I6.2I D1. For notational 
convenience, we write wq = — 1 G W(Dn) for the longest Weyl group element, acting as W07 = —7 
on the Askey- Wilson parameters 7. We define ^(75 x i A) = VK7! x i A; w a) by 

^(7;x,A;wi,cj 2 ) = , , - . z{w • 9){T, X , A;wi,cj 2 ) 

7; A, i;wi,W2) 

h(r,x,X;uj 1) uj2)h(T,X,x;uj 1) uJ2) xl , s 

-7;x, A;wi,w 2 ), 



7; A; wx, w 2 )/i(-7; A, a;; wi, u; 2 ) 

where the gauge factor ft, is given by H5.26fl . Note that ^(7; x, A; ct>i, u> 2 ) is a self-dual solution of the 
Askey- Wilson difference equation 15. 2311 . sec Remark I5.3UI We furthermore define the multiplier 

)(e((7o - 73 - ix)/u)2),e((u + 72 + ix)/u>2), e((u> + 73 - ix)/u> 2 );q) 



M( r , x) 



?(e((73 - 70 - ix)/u2), e((w + 70 - ix)/u>2), e((uj + 71 - ix)/u2j\q) 
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which is elliptic in x with respect to the period lattice IAlo^ + Zic<j 2 . 
Theorem 6.5. We have 

R(r, x, A; w x , u) 2 ) = K(j)M(r, x)M(r, A)0(s 23 7; A; uj 1} aj 2 )ip(-i; x, A; -u 2) uJx) + (l2 <-> 73), 
where s 2 37 = (70,71,73,72) and with 

s /—■ I 1 t^x , ( 3w (7o + 7i+72 - 7sh Il)=i + no + i7i) 

if(7;wi,w 2 ) = V-«e(- — (— + — ))e( )—h-T( w \ 

24 w 2 uji ' \ 2ld\ld2 ) 6'(e((72 - 73J/W2); g) 

~7o ~ 7i - 7l + 7| - 2 7o7i - 27072 + 27073 ' 



4wio; 2 

Proof. Using the second hyperbolic Euler integral representation of R from Theorem 14.21 1 and 
subsequently applying Corollary 16.31 we obtain an expression of i?(7; x, A; lo\ 1 lo 2 ) in terms of 
trigonometric integrals E t and V t with parameter specializations which allows us to rewrite them 
as Askey- Wilson functions by Lemma f5. 311 This leads to the expression 

(6.8) R(t,x, A;cji,w 2 ) = C(7; x, A; wx, w 2 )0(s 23 7; x, A; ujx, cj 2 )V>( _ 7; x, A; -w 2 , ui) + (72 <-> 73), 
with the explicit prefactor 

„, , , [lu2 ( Slj 2 + 8x 2 + 2(iuj — i% - A) 2 + (ioj — 2i~/ + 470 + A) 2 

G[j;\,x;u>x,u 2 ) = J — e 



(ioj ~ 2ijx + «7o + A) 2 - (iu> - 2i^ 2 + «7o + A) 2 + (ioj - 2ij 3 + i% + X) 2 



+ 



8wiw 2 



9)00 1X=i g (^ + *7o + «7j) -q (ed-u + jj +ix)/u)x);q) 



(959)00 <?(e((73 - 72)M);§) ^ (e((-w-7 j +ia;)/a;i);§) oo 

6>(e((-u + 73 ± ix)/ux)\ g) (e((uj - 72 ± ix)/u> 2 ); q) x ]J 3 J=0 Gj-vyj ± x) 
(e((w + 70 ± ix)/u 2 ), e((w + 71 ± ix)/w 2 ), e((w + 73 ± ix)/u 2 );q) ^ 

%((73 ~ 7o + »z)M); g) (e((~^ + 73 ~ ^)M); g)^ 
0((7o - 73 + 5) (e((-w - 73 - te)/o;i); g)^ 

^( e ((73 ~ 7o + ity/vi), e((-uJ - 72 + i>)/u\), e((-uj + 73 + iA)/^i); g) 

#(e((7o - 73 + «A)/a>i); 
G(A - i-71, A - ij2, A - Z7 3 ) 
G(A + z 7o ) 

(e((-w + 73-iA)/wi);g) oo (e((-w + 7,- + iA)/wi); g)^ 



(e((-w-7 3 -iA)/^);^ ^ (e((-ui - % + i\)/uix); q) x 

(e((-^-73 + ^A)/cJi);g) oo 

(e((-w + 70 + iA)/wi), e((-w +71 - iA)/wi), e((-w + 72 - zA)/wi); g)^ 

(el^-^-zA)/^)^)^ 

(e((w + 70 - *A)/w 2 ), e((w + 71 + i\)/u 2 ), e((w + 73 + iA)/w 2 ); g)^ 

Elaborate but straightforward computations using (|6.1|) . <|6.4[l and (|6.5[) now yields the desired 
result. □ 
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